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SUMMARY 

High-power solar arrays for satellite power systems are presently being 
planned with dimensions of kilometers, and with tens of kilovolts distributed 
over their surface. Such systems will face many plasma interaction problems 
that must be properly anticipated. Among these are (a) parasitic power 
leakage due to ambient plasma, ion thruster, and photo-electron currents, (b) 
particle focusing resulting in enhanced sputtering and erosion, (c) secondary 
electron emission and cascade, (d) velocity wake effects, (e) differential 
charging effects, and (f) determination of the equilibrium floating potential 
which influences all of the above. In most cases, these effects cannot be 
adequately modeled without detailed knowledge of the plasma-sheath structure 
and space charge effects. This paper describes two computer programs that 
have been developed to provide fully self-consistent plasma sheath models in 
three dimensions. Both programs are a result of recent efforts to model the 
experimental plasma sheath studies at NASAIJSC. Preliminary results indicate 
that for the conditions considered, the Child-Langmuir diode theory can pro- 
vide a useful estimate of the plasma sheath thickness. The limitations of 
this conclusion are also discussed. Some of the models presented exhibit the 
strong ion focusing that has been observed in the JSC experiments. 

INTRODUCTION 

The interaction of a large high voltage solar array with a space or 
laboratory plasma cannot, in general, be modeled analytically. For this 
reason we have developed two computer programs, PANEL, and SSB. Both programs 
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calculate, self-consistently, potentials, densities, and currents on a three- 
dimensional grid of points. The method used in PANEL is an extension to three 
dimensions of the inside-out method developed by Parker (ref. l), and used by 
Parker and Whipple (ref. 2) to model two-electrode probes on a satellite. 
More recently Parker (ref. 3, 4) has used the method to calculate sheath and 
wake structures about disk and pill-box shaped objects in flowing plasmas. An 
early version of PANEL, written by Parker (ref. 5) was used by Reiff, Freeman, 
and Cooke (ref. 6) to model the interaction of a geosynchronous substorm 
plasma with the NASA/Marshall Space Flight Center baseline design for the 
solar power satellite. The other program, SSB, is a recent development by Lee 
Parker, using the outside-in method of calculating densities (ref. l ) ,  and the 
simplifying assumption of a sharp edge sheath boundary. The purpose for the 
further development of these programs has been to produce a code capable of 
augmenting the laboratory studies of a 10 meter solar array in a simulated low 
Earth orbit plasma being conducted in the large Chamber A vacuum facility at 
NASA/Johnson Space Center. These studies have identified a number of 
interesting an unexpected effects such as the strong focusing of attracted 
particles toward the center of the panel when the panel is biased to kilovolt 
potentials. Our goal is to develop an accurate model of the plasma sheath 
surrounding such an array that will identify the parameters affecting sheath 
structure, help establish the dependence of the experimental results on test 
conditions, and aid in the extrapolation of these experiments to actual space 
conditions. 

Unless specifically stated otherwise, this report will adhere to the S. I. 
system of units. 

THE PLASMA SHEATH 

Perhaps the best known example of plasma screening is the Debye treatment 
of the plasma screening of an isolated test charge. A positive test 
charge, 6Q, placed in a plasma of temperature T and density No, will attract 
electrons and repel ions so as to develop a surrounding sheath such that the 
potential at radius r is given by, 

where A D  = ( E ~ ~ T / N ~ ~ ~ ) ~ ~ ~  is the Debye length. Implicit in the derivation of 
this equation (ref. 8) are the assumptions that the charge has negligible 
cross-section, and that V(r) << kT/e for r > AD. For a microscopic body of 
radius R, satisfying these assumptions, we can write 

where Vb is the surface potential of the body. 
For objects large compared to the plasma Debye length and/or maintained 

at a high voltage ( I  V I  >> kT/e), the Debye model is no longer adequate. In 
general, self-consistent treatment of a macroscopic body requires computer 
modeling. In spite of this difficulty, a better understanding of the shield- 
ing process can be gained by studying current limiting by space charge in the 



1-D planar electron diode, first treated independently by Child (ref. 9) and 
Langmuir (ref. 10). 

Consider the three electrode system shown in Figure 1. At x = 4, we 
have a cathode, with zero potential capable of emitting unlimited quantities 
of electrons all with zero velocity. At x = 0, we have a transparent screen 
at potential Vo, and at x = xl, we have a non-emitting anode at potential V1. 
Poisson's equation in one dimension is 

From the current density, J = Pv, we can substitute for the charge density P. 
Then, from the electron kinetic energy at x, 112 %v2 = eV, we can substitute 
.for the velocity v, to get, 

This equation may be integrated twice from (0, Vo) to (XI, V1) to give, 

where b2 = [4€o/9]*[2e/me]112 = 2.336x (amps/volts3/2), and the boundary 
condition used at x = 0, is E, = - (dV/dx)lo = 0, a common definition of the 
sheath edge in the spacecraft charging problem. This equation can be applied 
to region I, 4 < x < 0, where Vo = 0 (zero initial velocity) to recover the 
Child-Langmuir (C-L) result 

where d2 and Je must have the same unit of area. If d and V are fixed, equa- 
tion (4) gives the maximum conducted current despite an unlimited supply of 
electrons. If d, V, and Je are all considered independent, the sheath edge 
electric field becomes the dependent variable and cannot be set to zero. 

Another variation of this problem is given by Birdsall (ref. 11). The 
conditions are illustrated in the lower portion of Figure 1, with the grids at 
x = 0 and xl both at the same positive potential V1, and the separation 
distance xl considered fixed. The negative space charge of the electrons in 
the gap between zero and xl will depress the potential in the gap and give 
rise to current limitation if the potential drops to zero. This variant is 
more suited for comparison to PANEL, since the geometry is fixed and only 
voltages and charge densities vary. The potential distribution in the gap is 
determined by subdividing region I1 into regions A and B whose boundary at xm 
is the point of minimum potential where we have the condition of zero electric 
field. The potential as a function of x is then determined separately in 
regions A and B with exactly the same approach that led to equation (3). 
Since the details of this analysis are somewhat involved and given in 
Birdsall's book (ref. ll), it will not be reproduced here. We have labeled 
this variant on the classical diode the "gap" problem. The solutions to this 
problem have been very useful in the development and verification of PANEL. 



PANEL'S predictions for the gap problem are presented in figure 2, and will be 
discussed shortly. 

If we assume that under appropriate conditions the plasma sheath can form 
a "sharp-edge" outer boundary, we can consider a Child-Langmuir sharp-edge 
sheath (CL-SES) model for the satellite-plasma sheath, with equation ( 4 )  
giving the sheath thickness for a planar satellite surface and sheath. This 
model should be limited to the following conditions: 

1. Satellite dimensions should be larger than estimates of sheath 
thickness, such that a planar approximation is justified. 

2. The surface potential is greater than the plasma temperature, so the 
initial velocities of particles entering the sheath can be neglected, 
and so the repelled particles will not penetrate significantly into 
the sheath since the C-L treatment considers only attracted par- 
ticles. 

3. The current is assumed to be the random thermal current 
(J, = Noe dk~/;?nm) of attracted particles falling on the sheath 

edge. 

We can relax condition 2 somewhat by using equation (3) for the sheath 
thickness. To apply equation (3) to a planar spacecraft surface at potential 
V, we identify xl with the spacecraft surface, and x = 0 with the sheath edge 
where E ' 0. Region I is now identified with the undisturbed plasma where Vo 
represents the average thermal energy of the electrons, and region 11 is the 
plasma (electron) sheath with thickness XI. Equation (3) was derived for a 
beam-like monoenergetic electron source, and will not be accurate for an 
isotropic thermal plasma, but it nevertheless shows that a non-zero plasma 
temperature will increase the sheath thickness. 

For diode geometries other than planar, Langmuir (ref. 10) ha shown that 
the space charge limited current will always be proportional to V3Q2, however, 
the distribution of potential in space does depend on geometry. The problems 
of current flow between concentric spheres and cylinders has been addressed by 
Langmuir and Blodgett (ref. 12). Their solutions take the form of equation 
(4) with d replaced by various series expansions in terms of the ratios of the 
electrodes' radii, with the results presented in tabular form. Parker 
(ref. 13) has adapted these results to estimate sheath thickness for charged 
spherical satellites, and provides a convenient fit to those results. In the 
following equations a = sheath radius, ro = body radius, and d is the C-L 
screening distance given by equation (4). 



Restriction 1 can be removed and the CL-SES model extended to spheres 
with equations (5), and to cylinders with the expansions given by Langmuir and 
Blodgett. As an analytic approximation to the satellite plasma sheath, the 
CL-SES model does not provide much detailed information about the sheath and 
it is limited to very simple geometries; and therefore does not eliminate the 
need for numerical modeling. The SES model is attractive because it offers 
the possibility of predicting sheath effects without performing time consuming 
rigorous calculations. The computer model SSB described in this report takes 
advantage of this idea. A sharp sheath edge, however, is a potentially 
questionable aproximation. Parker (ref. 13) has suggested that the highly 
perturbed sheath region will connect with the undisturbed plasma through a 
presheath region characterized by weak electric fields and potentials less 
than kT/e. The influence that this presheath region might have on various 
aspects of the plasma-spacecraft interaction has not been fully determined. 
We anticipate that quantifying this presheath influence, or at least evalu- 
ating the sharp-edge sheath model, will be a major result of the intercom- 
parison of rigorous PANEL, SSB, and experimental results. 

PANEL (THE INSIDE-OUT METHOD) 

The classical theory of electrodynamics states that the scalar electro- 
static potential v(;) and the charge density P (~(z)) will satisfy Poisson's 
equation 

In problems where the charge density does not depend upon the potential, 
equation (6) becomes an inhomogeneous linear elliptic partial differential 
equation. For such equations, the theory of partial differential equations 
(ref. 8), will guarantee a unique solution interior to a ciosed boundary S, on 
which is specified either (but not both) the p2tential V(xs) (Dirichlet boun- 
dary conditions), or the normal derivative aV(xs)/ans (Neuman boundary condi- 
tions). Unique solutions may also be obtained for problems with mixed boun- 
dary conditions with Dirichlet conditions on part of the boundary, and Neuman 
for the rest. For the general non-linear problem where the charge density 
depends on the distribution of potential, there are no uniqueness or existence 
guarantees for solutions to equation (6). Experience, however, leads us to 
believe that the physically real problems that we encounter in the study of 
plasma-spacecraft interactions do have at least one self-consistent solution 
for V and P. It is this experience that leads us to pursue solutions to such 
problems. 

The inside-out method adopts an iterative+ approact to solving plasma 
sheath problems on a grid of points at which ~ ( x )  and V(x) are defined. The 
best estimate for p(%) is used in equation (6) to obtain a new estimate 
for v(;) using an over-relaxation technique. Next, new estimates for P(;) are 
obtained via solutions of the Vlasov equation using the latest values of 
V(x). This process is repeated until the problem has converged. This process 
can become unstable if the problem space spans more than a few Debye lengths. 
This problem is overcome by mixing at each point the appropriate fraction of 



the potential from the most recent iteration with the potential from the 
previous iteration. The calculation of P(;) has been labeled the "Vlasov 
problem" and the problem of finding solutions to (6) is called the "Poisson 
problem. " 

PANEL has the feature of being able to operate in both a two-dimensional 
and a three-dimensional mode. The three-dimensional version is presented 
here. 

The Poisson Problem: With P (2  ) temporarily considered known and independent 
of v($), equation (6) becomes linear, thus a well posed boundary value problem 
will have a unique solution. PANEL uses a standard finite-difference method 
to solve Poisson's. equation (ref. 14). The approach is to discretize the 
space to be modeled by constructing a three-dimensional grid of points 
 PI,^,^. The standard approach is to let the x, y, and z spacings all be a 
constant h so that there is a cube of volume h3 associated with each interior 
point. But, in modeling many objects it is convenient to use variable spacing 
to achieve greater economy by allowing a higher density of points where a need 
is anticipated. With variable spacing, the volume associated with a point P 
becomes a rectangular parallelepiped with faces located at the midpoints 
between P and its neighbors. The notation, E, W, N, S, U, D is used for the 
positive and negative x, y, and z directions, respectively. Variable spacing 
does, however, reduce the accuracy of the finite difference method, so its use 
must be carefully considered to minimize errors. 

To develop a differenced form of Poisson's equation, we first throw it 
into partially dimensionless form by dividing by kT/e, so with 0 = ~ e / k ~  

2 and XD2 = cokT/N0e we get 

where ne and ni are the electron and ion densities in units of the ambient 
density No. Integrate now (7) over the cell volume associated with point P, 
and apply the divergence theorem to the left hand side; 

where aO/an is the outward normal derivative at the surface of the cell. Q 
can be identified as the net charge within the cell, however, this identifi- 
cation is not implicit in the formal development. We next approximate the 
surface integral in (8) by the sum: 

where F = N, S, E, W, U, D, and AF is the area on each of these faces. These 
areas are given by, 



a Q 
The partials (=) are approximated by the difference quotients: 

F 

and similarly for the E, W, U, and D directions, where Q is the potential at 
the point P, and ON, QS, etc. are the neighboring potentials. Thus substi- 
tuting equations (10) and (11) into (9) we obtain the algebraic expression, 

and likewise for CS through CD; C = 1 CF. 
F 

Equation (12) can be applied to each interior point in the model, but 
exterior or boundary points require a modified treatment so as to include the 
required boundary conditions. The types of boundary conditions (B.C.) used in 
PANEL are: 

1. Floating, where the outward normal derivative on th cell and model e boundary is linearly related to the potential on the boundary . 

1n the theory of boundary value problems, independent specification of 
the normal derivative and potential is an over specification of the boundary 
conditions and there will be no solution unless the solution was already known 
and used to specify the B.C. Here we are specifying only a relation between 
the two conditions, but even this implies a knowledge of the Green function 
for the problem. For the case where the boundary is far enough away from the 
"object" for the object to look like a point charge or at least a uniformly 
charged sphere, we can assume a Green function of l/r, so we have the rela- 
t ions : 

A -b 

For a closer boundary, the possibility exists for finding the appropriate 
Green function, but we have not yet pursued that possibility. 



2. Neuman, where t h e  inward normal component of t h e  e l e c t r i c  f i e l d  i s  
s p e c i f i e d .  

3. D i r i c h l e t ,  where t he  boundary p o t e n t i a l  i s  spec i f i ed .  
4. Extended D i r i c h l e t ,  where a  boundary p o t e n t i a l  of zero is assumed t o  

e x i s t  one i n t e r v a l  beyond the  usua l  model boundary. 
5. Ref lec t ion ,  where l i k e  cond i t i on  4, an extended boundary is  assumed, 

but wi th  a  p o t e n t i a l  equal  t o  t he  n e a r e s t  i n t e r i o r  neighbor. 

When a  boundary is assumed t o  r ep re sen t  " i n f i n i t y " ,  i.e. a  source of 
undis turbed  plasma a t  zero p o t e n t i a l ,  t h e  boundary should be f a r  enough away 
from the  "object"  t h a t  a l l  boundary condi t ions  g ive  t he  same r e s u l t s .  It i s  
f r equen t ly  imprac t ica l  t o  make g r i d s  t h a t  l a r g e  so  it becomes necessary t o  
choose t he  B.C. which bes t  approximates " i n f i n i t y "  on a  l im i t ed  g r id .  Parker  
and S u l l i v a n  ( r e f .  15) have addressed t h i s  problem, and i t  w i l l  not  be d i s -  
cussed here  except t o  s t a t e  t h a t  w e  have found B.C. 4 and 5  t o  be the  most 
u s e f u l  f o r  problems with p lanar  geometry. A l l  of these  boundary condi t ions  
a r e  e f f e c t e d  by t r e a t i n g  a  boundary po in t  a s  an i n t e r i o r  po in t ,  and adding t h e  
app rop r i a t e  "off-grid" p o t e n t i a l .  

With t h e  app rop r i a t e  cons ide ra t i on  of e x t e r i o r  po in t s ,  we can now apply 
equa t ion  (12) t o  a l l  g r i d  po in t s  g iv ing  a  system of l i n e a r  equa t ions  t h a t  i s  
solved by t h e  method of over - re laxa t ion  (O.R.) ( r e f .  16). F a s t e r  and more 
s o p h i s t i c a t e d  methods a r e  discussed by Hockney ( r e f .  17), but O.R. has been 
chosen f o r  i t s  programming s i m p l i c i t y  and v e r s i t i l i t y .  This i t e r a t i v e  proce- 
dure should not be confused with t he  o v e r a l l  i t e r a t i o n  process  used i n  t h e  
inside-out  method. 

The Vlasov Foblem: In k i n e t i c  theory,  t he  dens i ty  and c u r r e n t  of spec i e s  s 
a t  a  po in t  x '  a r e  given by the  0 th  and 1 s t  v e l o c i t y  moment of t he  s i n g l e  
p a r t i c l e  d i s t r i b u t i o n  func t ion ,  f s ;  

+ 
J ('x' ) = qs / f~  (:' , ) d3:' , 

S 

The d i s t r i b u t i o n  func t ion  i s  t he  dens i ty  of p a r t i c l e s  i n  six-dimensional phase 
space ( t h r e e  pos i t i on  a+nd th ree  v e l o c i t y  coord ina tes ) .  Fur ther  progress  now 
r e q u i r e s  f ind ing  f '  a t  x'.  Appl ica t ion  of L i o u v i l l e ' s  theore  t o  a  c o l l i s i o n -  
less plasma leads t o  t h e  c o l l i s i o n l e s s  Boltzmann o r  Vlaso? equa t ion  ( r e f .  
18). 

 h he Vlasov equat ion r ep re sen t s  t h e  ze ro th  o rde r  terms i n  a  c l u s t e r  
expansion of the L iouv i l l e  equat ion,  with smallness  parameter g  = ( . n , ~ ~  3)-1 9 

t h e  i nve r se  of t he  number of p a r t i c l e s  i n  a  Debye s here .  For GEO under 
substorm condi t ions  n, ' l / c c  and kTe ' 10 kev, g  ' and i n  t h e  F  region 
with n  - 106/cc and kTe " 0.2 ev, g " 1 r 5 .  So, i n  both ca se s  t h e  c o l l i s i o n -  
less approximation is j u s t i f i e d .  



In words, fs is constant along a particle's path in six-dimensional phase 
space, which can be characterized by the constants of the motion. For a time- 
independent electrostatic field such a constant is the total particle energy, 
defined by 

where qsv(;) is the potential energy of the particle at %. The six-dimension 
phase space path projected onto the three space coordinates is just the usual 
particle trajectory. 

+ 
Consider the trajectpry connecting ( , v') with ( ;) for a given elec- 

trostatic fifld where at x, the distribution of particles of specie s is known 
to be f s($, v). The constancy of f gives us 

Note that some different value of 5' will map to a different point 
(g2, G2) where we know the distribution function to be different (or zero). 
Thus, in evaluating the integrals in equations (13) and (14), equation (16) 
must be used to develope a composite expression for f'. For example, consider 
the problem of a non-emitting body immersed in a Maxwellian plasma. If at 
infinity, the distribution function in three-dimensions for specie s is 
assumed to be, 

Then, at some point ;' near the body, the distribution function will be, 

where Gs is a function with a value of either zero or one depending on whether + + 
or not (x', v') maps the source at infinity. In other formulations, the G 
function is effectively replaced by reconstructing the limits of integration 
in equations (13) and (14). 

In practice, the integrals in (13) and (14) ate approxi5ated by summa- 
tions over a discrete set of velocities where ea$h v2lw of v' represents a 
trajectory that must be followed to evaluate G(xV, v'). We now have the 
choice of either starting trajectories at "infinity" and followin them in; or 
because of the assumed time-independence, we could start at f' and follow 
trajectories backwards in time to "infinity". The first technique has been 
dubbed the "Outside-in Method" by Parker (ref. 1) and is used in the program, 
SSB. It has the advantage of having all trajectories successfully connecting 
to a source and of supplying useful trajectory information to all points along 



the trajectory. Its chief disadvantage lies in the difficulty of getting 
adequate trajectory probing of some regions of the problem. The Inside-out 
Method derives its name from the alternate approach+of following trajectories 
backwards in time. This allows one to evaluate G(xl, v') at all points with 
equal accuracy, but can lead to large numbers of trajectories to be retraced 
with each iteration. This last difficulty has been recently diminished by 
recording the fate of each trajectory so that in subsequent iterations, that 
information can be used to trace only those trajectories that lie on the 
velocity space boundary between null and escaping trajectories. This "boundary 
tracking" innovation can greatly increase storage requirements, but the reduc- 
tion in time requirements make it essential. PANEL traces trajectories on the 
same grid that is used for the Poisson calculation. Each grid point has an 
associated cell. Trajectories are traced from cell to cell, using a uniform 
electric field within each cell. These cells are subdivided for greater tra- 
jectory accuracy in regions where subcell electric fields would differ greatly 
from the average whole-cell electric field. 

For problems where the panel potential is much greater than the plasma 
potential, the number of trajectories to be traced is further reduced by 
assuming a monoenergetic distribution for the attracted particles. 

PANEL RESULTS 

So far, most of the models that have been produced with PANEL have been 
developmental, and we have only recently begun to model in 3-D the Chamber A 
experiments at the Johnson Space Center. The models presented here are two- 
dimensional. 

Figure 2 shows PANEL'S predictions for the previously discussed gap 
problem. In this model, electrons are accelerated from a cold cathode (T = 0) 
at x = -d to the potential V1 (see the lower portion of figure 1) at x = 0, to 
produce a beam current J. PANEL models this experiment by assuming that there 
is an undisturbed Maxwellian plasma at x < -d, so that the current J is the 
random thermal current (Jo = Noe m) crossing the grid at x = 4. This 
current is normalized by the CL current given by equation (4) with d = xl and 
V = V1, SO that the space charge in the gap (0 < x < xl) is characterized by 
the current ratio, 

In the models Gap 06 and Gap 07, the transmitted electrons travel from 
right to left across a gap of one meter. This is modeled by 24 grid points; 
12 z and 2 x coordinates. At z = 0 electrons are absorbed; at z = 11 (not 
shown), they are generated; and they are reflected at both x boundaries. 
(Since this is a one-dimension problem, PANEL could have been fitted with a 
one-dimension option, but unlike the two-dimension option, a one-dimension 
option would have only limited applications.) In both plots, the potentials 
predicted by the classical theory are labeled as curve A, and the results of 
PANEL are labeled P. For these two problems, the model parameters are: 



Gap 06; B = 10, J - 2.373 x A/m2, Te - 10 eV, V1 = 100 V, and 
No = 2.8 x lo5 ~ m - ~ .  

Gap 07; B = 10, J = 2.373 x A/m2, Te = 1 eV, V1 = 100 V, and 
No = 8.9 x lo5 ~ m - ~ .  

The density integrations were performed using 8 energy intervals each with 64 
angles for a total of 512 trajectories at each point per iteration; however, 
because of PANEL'S phase space boundary tracking feature, only a fraction of 
the total number of possible trajectories were actually traced with each 
iteration. The error bar in Gap 07 indicates the degree of convergence at the 
point of maximum uncertainty; the convergence is better at other points. We 
consider these models to be a positive test of PANEL, in spite of the devia- 
tions from the classical predictions, since the classical theory considers a 
source of electrons with no thermal spread. By comparing Gap 06 with Gap 07 
we can see that as the source plasma cools from a temperature of 10 eV to 
1 eV, the potentials approach the classical vavlue. 

Figure 3 shows a simple but important test of PANEL. This is a compar- 
ison of PANEL with the Child-Langmuir law, equation (4). Due to the close 
agreemefit, a curve has been drawn only through the PANEL points. At selected 
points, PANEL and C-L potentials are given for comparison. The C-L potentials 
are given in parentheses and C-L densities are plotted with crosses. Here 32 
points (2 x 16) are used to model a diode with a 16.51 meter plate separation, 
and a 100 volt potential difference. The model parameters are: 

2 -3 - 6 2 
Pan 21; Te = 1 eV, N =  3.2 x 10 cm , Ad=0.4m, and J= 8.58 x 10 A/m . 

The greatest disagreement between PAN 21 and the C-L theory occurs at 
z = 14, where the PANEL prediction is 22% high, with improved agreement at 
lower z values. At z = 8, the disagreement is only 1%. The larger deviations 
should be expected in the low voltage region near the cathode due to the non- 
zero injection velocity of the electrons in the PANEL model. 

Pan 36 is a two-dimensional model of a cross-section of an infinitely 
long, one meter wide panel held at a potential of 100 volts in a hydrogen 
plasma with equal ion and electron temperatures of 10 eV. The chosen plasma 
temperature of 10 eV is higher than the usual temperatures encountered in LEO 
or in the JSC Chamber A experiments which are frequently less than 1 eV. 
Models with a plasma temperature of 1 eV and panel potentials greater than 
100 V are being processed, but under these conditions the convergence is 
significantly less stable. To achieve stability thus requires a smaller 
mixing parameter, more iterations and more computing time; so for these first 
models, a higher but not unreasonable temperature was chosen. 

Due to the symmetry of the problem, it was possible to model the entire 
cross-section by calculating potentials and densities in one quadrant only by 
using the reflection boundary condition on the DOWN and WEST boundaries. Both 
the UP and EAST boundary conditions are V = 0. This model used 90 grid points 
and the following plasma parameters: 



Ti = 10 eV, T = 10 eV, No = 1.9 x lo4 AD = .17m, and 

Joe = l.%l x loe3 urn2, 

The density and current integrations were perfsrmed with 8 energy and 64 
angular intervals. Pan 36 results are shown in figures 4, 5, and 6. Figure 4 
shows equipotential contours in one quadrant, with one half of the panel 
represented by the 100 V line. The points in the figure are interpolation 
points and not grid points. The electron currents collected from above the 
panel are indicated by the arrows' below the panel in figure 4 and have been 
normalized by the random thermal current, Jo. In PAN 36 we begin to see a 
slight reduction in current collection near the edge. The strong central 
focusing (greater than an order of magnitude difference between central and 
edge currents) observed by McCoy (ref. 19) in the solar panel tests at JSC is 
not indicated in this model. This focusing, however, generally occurs at a 
higher panel voltage than that considered here and may be due to a band of 
dielectric along the edges of that test panel. 

For PAN 36, the C-L screening distance, given by equation (4) is 
DCL = 1.2 m, and the corrected screening distance, from equation (3) is 
Ds = 1.73 m. These points are indicated in Figures 4, 5, and 6, and the 
uncorrected C-L contour is marked with crosses in Figure 5. Figures 4 and 6 
show that potentials have been reduced to less than 112 kT/e (1 5 V) within 
either estimate. There is some "compression" of the contours caused by the 
closeness of the V = 0 boundaries, as is evidenced by the most distant points 
in Figure 6 where the electron density unrealistically drops below the proton 
density due to the artificially high electric field between the outermost two 
points. Although the PAN 36 boundaries are too close to allow a complete pre- 
sheath and undisturbed plasma region to develop, figure 6 shows the beginning 
of a presheath region beyond the DCL point with electron and proton densities 
nearly equal but reduced from the ambient values. 

THE SHARP SHEATH BOUNDARY MODEL 

We have discussed the General Space Charge (GSC) model, i.e. PANEL, that 
treats general boundary conditions and particle velocity distributions, under 
relatively few simplifying assumptions. The sheath structure is obtained 
automatically, requiring only sufficient numbers of grid points and that the 
computational boundary be sufficiently far out to represent the solution 
reasonably accurately. 

An alternative computer model is the Sharp-Sheath-Boundary (SSB) model. 
In similarity with the GSC model, the alternate SSB version solves the non- 
linear Poisson equation by computing rigorous space charge densities that 
require the following of particle trajectories on the computer, and by obtain- 
ing self-consistent solutions by iteration. (Both SSB and GSC models are 
based on approaches innovated by Lee W. Parker, Inc .) However, the SSB model 
is an attractive alternative because it is computationally inexpensive 
compared with the GSC model. The simplifying approximation is made that in 
three-dimensions a sharp sheath boundary surface exists (in three-dimensions) 
generalized from those of the (one-dimensional) Child-Langmuir diode models in 



planar/cylindrical/ spherical symmetry. On this boundary surface the poten- 
tial is zero, and from it attracted particles are emitted which fall inward 
(while creating space charge) toward the panel surface, starting with zero 
energy. The self-consistent solution includes finding the shape of the SSB 
surface such that the electric field also vanishes at all points of the 
surface. This approximation seems justifiable because the panel voltages of 
interest are large compared with kT/e, and the panel dimensions are large 
compared with the plasma Debye length. Ultimately, however, its accuracy (and 
cost effectiveness) can be assessed by comparisons with experiment as well as 
with solutions obtained with the more rigorous GSC model. The method uses a 
flexible "dynamic mesh" with sliding grid points such that the bounding 
surface can expand or contract, acquiring whatever shape is required for the 
given body shape and body surface potential distribution. To achieve flexi- 
bility in sheath shape and body shape, a triangularized finite-element method 
is used. Figure 7 illustrates the nature of the grid employed. 

In Fig. 7 a coarse grid is used (two-dimensional cross-section) to obtain 
a sample solution for a conducting panel 1 m wide, with 500 V on the panel and 
plasma parameters no = 106/cm3 and kT = 0.4 eV. Both the initial (assumed) 
sheath shape and final sheath shape are shown, where the final "converged" 
shape has been obtained by iteration. The dimensions shown are in units of 
the panel width. The final sheath thickness at the center is about 1.2 m, 
essentially equal to the value given by the planar Child-Langmuir formula. 
Some ion trajectories are shown in the upper half of the mesh. 

Since ion-focusing effects are of concern, a series of focusing runs have 
been made as preliminary solutions obtained by the SSB model. For a panel 
(1.22 m) 48", with 6" insulated borders, and with plasma parameters 
no = 106/cm3 and kT = 0.4 eV, the following sample results are obtained, on a 
two-dimensional cross-section (Fig. 8): 

The ion focus occurs at the panel center for a voltage of about 3000 V. 
For lower voltages the focal position appears to be behind the panel, with 
high surface current densities on either side of the panel center (at about 
0.4 m and 0.24 m from the center at 500 V and 1000 V, respectively; the 500-V 
case is not shown in the figure). For the lower voltages, the sheath shape is 
"boxy" with a "flattish" top and vertical sides. The sheath thickness at the 
panel center is about 1.6 m at the "focal voltage" of about 3000 V, and the 
sheath shape is oval with larger vertical than horizontal dimension, but 
nearly circular. At higher voltages (e.g. 5000 V) the focus occurs above the 
panel center, and the sheath is oval-shaped. 

DISCUSS ION 

The results of both the PANEL and SSB models indicate that at least for 
the range of parameters and geometry considered, the Child Langmuir diode 
model provides a useful estimate of the plasma sheath thickness. This conclu- 
sion is also indicated by the Chamber A solar panel experiments (ref. 19). We 
do not claim that this result will hold true under all conditions, nor are we 
presenting these results as a confirmation of a C-L sharp edge sheath model. 



Furthermore, it should be pointed out that an earlier study (ref. 13) found 
that a CL diode model could not adequately predict the current/voltage 
behavior of a sphere with radius equal to 100 Debye lengths. Such conf irma- 
tion must await further analysis of the CL-SES model and the use of such a 
model to make definite predictions. Also, we plan a thorough analysis of the 
sharp edge sheath concept, independent of a C-L diode space charge model, 
because of its potential usefulness in simplifying plasma sheath calculations. 

In their present forms, both programs appear capable of producing results 
that will be quite valuable in interpreting the Chamber A experiments and in 
increasing the general understanding of the plasma screening process. How- 
ever, as we consider increasingly complex models, computer time limitations 
will require a "smarter" type of program. Such a program might include a 
marriage of both outside-in and inside-out methods of rigorously calculating 
particle densities and currents, with program "intelligence" used to choose 
which method would be the most efficient and effective for each grid point. 
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FIG. 1 

Schematic representation of a planar e lec t ron  

diode, showing the  e f f e c t  of the  e lec t ron  space charge 

on the  interelectrode po ten t i a l  fo r  two d i f f e r e n t  

arrangements of the electrode po ten t i a l s .  



FIG. 2 : I n  b o t h  g raphs ,  curve P i s  PANEL'S p r e d i c t i o n  f o r  

t h e  i n t e r - e l e c t r o d e  p o t e n t i a l s ,  curve  A i s  t h e  c l a s s i c a l  

p r e d i c t i o n ,  and cu rve  D i s  PANEL'S p r e d i c t i o n  f o r  t h e  

e l e c t r o n  d e n s i t y .  The Z d i s t a n c e  u n i t  i s  0.1 meter .  

B i s  t h e  normal ized  c u r r e n t  d e n s i t y .  



FIG. 3 : PANEL'S p r e d i c t i o n s  f o r  t h e  Child-Langmuir 

e l e c t r o n  d iode  a r e  p l o t t e d  w i th  t h e  connec ted  d o t s ,  

and s e l e c t e d  v a l u e s  of  p o t e n t i a l  and d e n s i t y  a r e  

p r e sen t ed .  The c l a s s i c a l  C - L  d e n s i t y  p r e d i c t i o n s  a r e  

p l o t t e d  by t h e  unconnected c r o s s e s ,  and f o r  comparison,  

s e l e c t e d  v a l u e s  of  t h e  C - L  p o t e n t i a l  and d e n s i t y  a r e  

given i n  p a r e n t h e s i s .  For t h i s  model,  N o =  320/cc,  

2 Je = 8 . 6  x 1f6 A/n , and t h e  t o t a l  d iode  s e p a r a t i o n  is  

16.51 meter .  



FIG. 4 , Model Pan36: The same panel  and plasma o f  model 
Pan29 are modeled here  wi th  90  g r i d  po in t s  (not  shown), 
and with  a V = 0 boundary condit ion on both the  UP and 
EAST boundaries .  The distance u n i t  i s  1 . 0  meter.  



FIG. 5 : Potent ia l  (curve P) and charge density (curve C) p r o f i l e s  

alonge the DOWN ( 5a ) and WEST ( 5b ) boundaries f o r  the.mode1 

Par136. The density ocale  on the  r i g h t  i s  normalized t o  the  ambient 

density, No - 1.9 x 104/cc. In 5b , t he  Child-Langmuir p o t e n t i a l  

p ro f i l e  is indicated by the  uncomected crosses,  and the  i n i t i a l  

velocity corrected C-L screening d is tance ,  D,, i s  indica ted  by 

the arrow. The d is tance  u n i t  is  1.0 meter. 



FIG. 6 :  Potential  (curve P) ,  and electron and proton density 

prof i les  along the DOWN ( €a .) and WEST ( 6 b )  boundaries for the 

model Pan36. The corrected and uncorrected Child-Langmuir screening 

length estimates Ds and DCL are indicated i n  6b . The distance 

unit  is 1.0 meter. 
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FIG. 7 . CONDUCTING PANEL SHEATH [SSB Model ) 

(Dimensions i n  un i ts  o f  panel width) 

Self-adjusting f in i te-element gr id.  Boundary pos i t ion  adjusts t o  sa t is fy  
boundary condit ions V = aV/an = 0. 

Panel width = 1.0 m. Panel voltage = 500 V. 

Plasma densi ty and temperature = 106/cm3 and 0.4 eV. 

FIG. 8 ION FOCUSING ON PANEL WITH INSULATED (V=O) BORDERS (SSB Model) 
(Dimensions i n  un i ts  o f  panel width) 

Self-adjusting f i n i  te-element gr ld .  Voltage variable. 
Panel width = 48" (1.22 m), Border wldth = 6" 
Plasma density and temperature = 106/cm3 and 0.4 eV. 
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