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Abstract

A charging mr odel is develbped for geosynchronous, three-axis stabilized
sRabe_craft when tnder the influence of a geomagnetic substorm. The differential
charging potentia s between the thermally coated or blanketed outer surfaces and
metallic strueturc of a spacecraft are determined when the spacecraft is immersed
in a dense plasma cloud of energetic particles. The spacécraft<to-environment
interaction is determined by representirig the charged particle environment bfy
equivalent current source forcing functions and by representing the spacecraft by
its electrically equtvalent circuit with respect to the plasma ¢hargirng phenomenon.
The charging model includes a sun/earth/spacecraft orbit model that simulates the
sun illumination conditions of the spacewaft outer surfaces throughout the orbital
flight on a diurdal as well as a seasonal basts. Transient and steady-state numer-
ical results for a three-axis stabilized spacecraft aré preserted,

%This work was performed urider a General Be tric Space Division 1976 Internal
Research and Development Program, No, 768 s4161,
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1. INTRODUCTION

Recent data from the geosynehrorous orbiting NASA satellites ATS-5 and
ATs-8b 2,8 has indicated that the surface of these satellites can charge to hundreds
of volts when in sunlight and thousands of volts {up tu -10 kV) when in eclipse.

Data transmitted fram these satellites during these charging event? has indicated
the existence of transient fluxes of energetic particles. It has been suggestéd4

that these ¢louds of erergeti¢ particles are injected into the local-midnight-to-

dawn region ot the geosynchronsus altitude duridg geomagrietic substorm activity.
Consequerntly, during a geomagnetic substorm, spacecraft at altitudes greater than.—
three Earth radii, in the.locul time sector from just before midnight to past dawn,
occasionally will encounter and be immersed in.a dense plasma cloud of energetic
particles. . It has been further postulated that this charged particle environment is
the majbr cause of spacecraft charging. That is, in the steady-state, every isolated
part of a spacecraft immersed in the space environmehtal plasma will come into
electrical equilibrium by developing surface charges of the praper sign and magni-.
tude such that the net current = represented by the depbsition and release of

charged particles from the surface ofthé spacecraft —is zero. The equilibrium
potential of the surface of the spacecraft is the pbtential difference between the
surface and ambient plasma sheath. The most important contributors to the equil-
ibration currents are the! primary plasma electron arid proton arrivals at the sur-
fate aiid the photoelectrons released when sunlight iiluminates the surface. In
additibh, the?contributions of secondary electrons released from the surface under
primary proton or electron impact and possible electron reattraction to the surface,
are also significant and must be considered in a complete aralysis of the problem.

In the coineidehce with the geomagnetic substorm activity in this Ibcal time
quadrant, is the occurrence of anomalous everts on-bodard satellites in geosyn-
chronous orbit when immersed in the substorm plastna. Specifically, anomalous
behavibr experienced by several satellites has included® codtral circuit switching,
power system failure, sensor data noise, thermal control degradation, and tele-
metry logie switching. There is a growing body of evidence which demorstrates
the dependence of satellite anomalous behavior oh geophysical parameters such as
local time and geomagnétic activity,

Consequétitly, it has been postulatt-di'4 that the anomalous behavior of syn-
chronous spacewaft is du¢ to electrostatic charging of the various spacecraft
surfaces to large negative; potentials and their subsequent discharging, The ¢lec~
trormaghétic pulses produced by the discharges contain enough energy to interact
with electrofiic logie circuits at distances of tens of centimeters, and cause voltage
spikes large enough to change logic states. Other data from spacecraft indicate
that repeated dischargirig also results tn the degradation of thermal control. surfaces,
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Thus, it is the diffcrential charging of the various thermally blunkéted o# coated
outer surfacc materials with respect to each other and with respect to the space-
craft metallic strueture and the subsequent discharging, when the dielectric
strength of the surface materials is exceéeded, that is one of the major causes of
satellite anomalous behavior.

The purpose of this paper is to develop a spacecraft charging simulation model
which adequately represents the spacecraft-to-environment interaction when the
spacecraft is immersed in the charged partick environment that is encountered at
geosynchronous orbit during a geomagnetic substorm, Further, the principal
results of the simulation analysis model developed will be the differential charging
potentials between the thermally blanketed or coated outer surfaces and the metallic
structure of the spacecraft. . To determine the spacecraft-to-environmedt inter-
action, the equivalent electrical model of the spaeecraft with respect to the charg-
ing phenomenon is developed and the plasma environment is represented by equiva-
lent current forcing functions, The equivalent current sources of tht charged
particle environment simulate the ambient plasma as a charging current source
and the surface photoelectron and secondary electron emissions as discharging
current sources. The spacecraft outer surface contfiguration is represented by
constituent dielectric and metallic surfaces which collect charge from the environ-
ment. In addition, a s/C geometrical model and a solar/earth orbital model are
also developed to determine the sun-illumination condition of the outer surfaces as
a function of spacecraft orbital position. That is, the geometrical and orbital
models art used to determine whether a surface is sun-illuminated, self-shadowed,
or earth-shadowed. In allitioh, when a surface is sun-illuminated, the intensity
of the illumination, which is a function of the sun/spacecraft surface aspect angle,
is also determined by the models.

Charging models have appeared recently in th.e literature.
models are based primarily ori the analysts of spin-stabilized spacecraft. For the
particular types of spacecraft analyzed, there was considerable seasonal and
diurnal variation of the exposed metallic area illuminated by the sun, liowever,
due to the restricted location of thermal blahket materials and the estcrnal struc-
tural form of spin-stabilized spacecraft, there were small diurnal variations in
both the amount and location of the thermal blanket material areas illuminated by
the sun during the midhight-to-dawn local time quadrant. Tonsequently, ne attemipt
was made to determine the sun-illumination condition of exposed dielectric surfaces
during the daily orbital flight. Ifowever, for three-axis stabilized spacecraft the
diurnal as well ad the seasonal variations of the amount and location of both the
dielectric and exposed metallic areas tlluminated by the sun are considerable.

The model discussed in this paper determines the variations of sun~-illumination
condition of all of the exposed surfaces throughout the daily orbital path in addition

2,6,7 However, the
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to considering the seasonal changes, Also, the previous models have not con-
sidered the intrinsic capacitance of thé& spacecraft structure with réspect to the
plasma sheath. In this paper, the structural capacttahce has been ificluded in the
simulation model, and it will be showna that the structural capacitance has a signif-
f¢ant influericeé on the trahsient responde,

In the following sections, thée development of the spacecraft charging model is
discussed in general terms and includes a discussion of the plasma model, the
electrical model, the geometrical model, a solar/earth orbital model, the mate-
rial properties and configuration definition, and the numerical integration
approach, Spacecraft charging results are given for a geosynchronous satellite
during the midnight-to-dawh local time quadrant for the! Fall-equinox and winter-
solstice seasonal periods.

2. SPACECRAFT CHARGING MODEL DEVELOPMENT

The spacecraft charging model development can best be described in terms of
the flow chart shown in Figurée 1. The S/C charging model consists of four sepa-
rate models: a plasma model, an electrical model, a S/C geometrical model; and
a sblar/earth orbital model. The plasma model represents the charging ahd dis-
charging mechanism of the ambient plasma with respect to the spacecraft by equiv-
alent current sources. The current sources, which are dependent on the particle
energy distribution furictionis, constitute the forcing functions of the charging model
equations. The electrical model defines the lumped element equivalent circuit
representation of the spaceéraft surfaces with respect to the electrostatic charg-
ing phenomenon. The plasma model and electrical model are combined to form
the nonlinear spacecraft charging equations. The spacecraft geometrical model
defines the spacecraft outer surfaces in terms of approximate planar surfaces and
curved surface projectiohs ahd defines the vertices of all planar and curved
surfdaces in terms of a spacecraft reference coordinate system. The soldr/earth
orbltal model determines the loeation of the spacecraft with respect to the sun and
the earth. The geometrical model and the solar/earth orbital model ate combined
to determine the variation of the sun-illumlInation conditions of the outer surfaces
with respect to orbital position,

To complete the modeling, the surface matertal properties and configuration
are defined, The surface mntertal properties that are most important in a space-
craft charging analysts are: the relative dielectric constant, the variation of the
surface resistivity with respect to electrical stress level, and the variation of the
bulk resistivity wtth respect. to electrical stress level, The matertal configuration
definition describes the location of the various thermal blanket and surface coating
matertals.
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Figure 1. Spacecraft Charging Model Flbw Chart

The elements of the flow chart will now be discussed in greater detail.

2.1 Plasma Model

As discussed previously, spacecraft at geosynchronous. orbit will occasionally
encounter energetic charged particle fluxes atid these fluxes will cause the various
outer surfaces to charge to large potentials. The charging and discharging
mechanism of the ambiént plasnia with respect to the spacecraft cari be represented
or simulated by equivalent current sources that become the foreing functions of the
chargirig model equations. The constituent particle fluxes that affect the charging
of a surface are protons, electroiis, photoelectrons, and secondary electrorls.

Several ihvestigatorss' 8,9 have approximated the energy distribution of the
particle fluxes as measured on ATS-5 by a Maxwell-Boltzmanri (M-B) energy dis~-
tribution and, further, have assumed the particle fluxes to have an omnidirectiohal
energy distribution; that is, the energy distribution of the particles is identical in
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cach dircction, Thus, it is pussiblé to characterize the partiele cnergy distribi-
tions by a thermal energy (K#) expressed in electron volts, Thls approximation {4
used in this paper to simplify the analysis and to provide an insight into the problem
that might otherwise bé obscured by a mort? complex approach.

The total currcnt flowing into the outer surface of a spacecraft is

I?JT'A (1)

where A is the surface area and Jqe is the total positive current density into the
durface and is given by

Jm = J (2)
T P+Jsp'Je+Jse+Jph

where JP is the incident proton current density, ‘]sp is the secondary electron
current density produced by incident protons, J is the incident electron current
density, J, is the secondary electron current density produced by incident elec-
trons# and ‘]ph is the photoelectron current density.

A charged surface at a given potential in a charged particle environment will
accelerate particles of thé opposite polarity arid repel partikles of the same
polarity. Thus, assumirg an omnidirectional Maxwellian eriergy uistribution, the

fraction of ambient plasma electrons reaching a large surfake at a potential V isl0
N, = N, exp ev , V=0 (3)
(o] -re

where N, is the incident electron density. Ne is the ambient electran density, V
is the potentlal of the surface utider conS|derat|on K is Boltzmann's constant, e
is the charge of an electron, and T IS the absolute temperature of the M-B elec-
tron energy distribution,

The average ambient eléctron current density incident to a neutral surface is
glvenr by

J =N eV (4)
where Jo Is the average ambietit electron current density and 'Ge is the meari

ambient &ermal velocity.

Thus, from Egs. (3) and (4), the average electron cutrent density tncident to
a large surface at potenttal V is

242



Je~NeevesJed(%) , V=0 (5)
or -
e’ Jeo e(V/Te) , V= (6)
where

is the equivalent temperature, expressed in volts, of the M-B distribution approx-
imating the plasma electron energy distribution, and R is the eleetron current
density incident to a large surface at potential V. For a positive surface

J.:Je , V=20 (8)

That ia, a surface at a positive potential Will attra+t oppbsitely charged particles
but cannot extract more partiélus from the plasma envirornment than the ambient
particle density Ne.o. Similarly, the prototi current density incident to a large
surfdce at potential V is
-v/T
J.=J. e P yv=o0 (9)

and

J. =J , V=0 (10)

where Jpo is the verage ambient proton current density tnetdent to a neutral sur-
face, und Tp is the equivalent temperature of the M-B distribution approximating
the plasma ptroton energy distribution and i expressed i volts.

In additiori to the above charged particle fluxes, there will be secondary emis-
slon electrons as well as photoelectroh emissions, Both types of charged particles
wlll be repsiled by 4 siirface at a negative pstential and attracted by & surface at a
positive potential. Corisequently, based on the previous discussion, the secondary
electroils leavitig a surface of potetitial ¥ s given by

243



Jsngseoe . V=0 an
I =J_0_ , V=0 (12)
Tsp* dsp, oV , V=0 (13)
Isp * JSPO , V=0 (14)

where J'qe.0 and Jspo are the average secondary electron current densities emitted
from a neutral surface produced by incident electrons and protons, respectively,
Jgp and Jsp are the secondary electron current densities emitted by the incident
electrons and protons, respectively, and T is the equivalent temperature of the
M-B distribution représenting the energy distribution of the secondary emission
electrons and is ekpressed ih volts. The secondary emission electron current
densities art?directly related to the incident particle current densities. It is
dssumed that the secondary electrons emitted from a neutral sufface are related
to the incident particles by a fixed constarit and can be expressed as

Jge =Jf (15)
J. of f (16)

where £, is the ratio of secondary eledtrons to ihcident electrons and f is the ratio

of secondary electrons to incident protons. In general, the secondary@mission

constahts, f, ahd f , will have different values for dielectric ahd metallic surfaces.
A similar devéopment holds foot.the photoelectrod emissions produced by sun

illumination. The photoelectrod current is directly proportional to the intensity

of sunlight which is selated to the angle of incidence. Cohsequently, the photo-

electron curtent density emttted from a surface at potential V can be expressed as

-v)T
Jph=Jphoe PH s o , V=0 an
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Jph‘Jphocosa , V=0 (14)

where J . i0 the photoelectron current density emitted from an {lluminated surfuce
at poten?ial v, Jpho lo the average photoclectron current density emitted from an
{lluminated neutral surface, T p I8 the equivalent temperature of the M-1 distri-
bution representing the energy distribution of the photoelectrons expressed in volts,
@ is the ahgle between the sun-Itne and the surface normal vector (sun/spacccraft
surface aspect angle) and

cos a for |al| < 7/2
cos a -

0 forlal = #/2 (self-shadowing condttions) . 119)

The total positive current density into a surface can take one of four possible

forms depentding on the polarity, positive Or negative, of the surface pctential and
the presence or absence of sun illumination. Thus, for a large dielectric surface,
th&current forcing function will have the general form

-V/T -v/T -V/T
- p ] 1§
ID(V) = Jpo e (1 + pr e > + Jpho (cos a) € p

v/T -V/T
+3, e efeDe 5-) ‘A (20)

where Iy is the total positive current into a large dielectric surface, A is the area

of the surface, and all other terms have been defined previously. The above equa-
tion must satisfy the followirig condition

11f s = +1 and V > 0; otherwise leave unchanged
esV/X o

{if s = -1and V = 0; otherwise leave unchanged . (21)

Exposed metallic parts ef the structure can be located on many different outer
surfaces of the spacecraft; consequently, the vartous exposed metallic surfaces,
whtch are electrically connected, ran have different sun-illumination condttions
and the current forcing function will have a more complex form. In addition, the

exposed metallic surfaces are generally small in area. 1ewer charged particles
wtll be deflected froin a small surface at a given potential than a large surface at
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the same potential: consequently, a correction factor must be applied to small
surface apeas, ‘Thus, the positive current flowing into the expbsed métallic struce
ture IS

-V'/Tp ' -V/Tg
IggV) = AMT Jpo {1+ WTP) e 1+ pr e

‘ ~V/T
+Ay d,o e Clr, e S -tja+ v

m
A -V/T
+ z AMi Jpho (COS ai) € (22)

Where Eq. (21) hold¢ for the above equation, AMT is the total exposed metallic
area, Ay, B the exposed area of the i*" metallic surface, M is the total number
of etposea metallic surfaces, a; is the sun aspect angle for the i*® metallic sur-
face, and the following holds for the sinall area correction terris

‘ (1+V/T,) for V20
@a+vjr) =

"o
1forveo (23)

(1 +lv/T by forvs=o
(1 +1v/Tgh =
1 for V>0 (24)

Equations (20) and (22) are the plasma and photoemission generated current sources
and conatitute the forcing functions of the spacecraft chargtng equations.

2.2 Material Properties and Conligutation

The spacecraft outer surface material : properties and econfiguraticn définition
are needed to complete both the geometrical and electrizal models. Esséntially,
the materfal properties and conflguration definition é¢onsist of describing the loca-
tion of the various outer surface thernial blarikéts and coatings and their electrical
properties, The location of thé materidls is needed in the geometrical model to
establ{sh the number of congtituent platiar and curved surfaces of the spacecraft,
The electrical propérties of the materials are reeded i# the: électrical niodel to
determine the equivalent circuit element values of the outer surfaces of the
spacscraft,
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The electrical propérties of the outer surface thermal materials that are most
important i1 a spadecraft charging analysld are:

{1) The relative dielectrie constant.

(2) The variation of the surfice resigtivity with respect ta elsctricsl stress
level,

(3) The variation of bulk resistivity with respect to electrical stréss level.

(4) Ratio of surface to bulk leakage currents,
All of the above propertied can be determined ézpérimentally, In fact, for mean-
ingful results, the last three parameters should be measured under conditions
similar to those experienced. in the charged particle Bnvironment at synchronous
orbit during a substorm. That is, tl-e measurement results Will be somewhat
dependeht on the energy levels. and current densities of the charged particles bomn-
barding the dielectric surface of the thermal blanket materials. In practice, how-
ever, these properties are.meéasured by bombarding the materials With a mono-
ergetic electron beam.

2.3 Geometrical Model.

The purpose! of the geometrical model is to define thel spacecraft outer surface
areas in terms of approximate plariar and curved surface projections, establish a
reference coordinate system in the spacecraft, and define the veértices of all of the
planar add curved surfaces in terms of the reference coordinate system. Further-
more, the! results of the gebmetrical model are needed to camplete the electrical
model. That id, the approximate geometrical surfaces of the spazecratt buter con-
figuration are used in the computatibn of the equivalent capacitor and resistor
element values of the electrical model (each value is related tb the surface
area). 'The reference coordinate gystem can be selected anywhere inside the
vehicle structure and should be chosen such that one or more coordinate axes are
parallel to the axés of symmetry, or parallel t0 the major planar outer surfaces.

The referénce cobrdinate system is useful in determining tke relative 1scatisns
and orientationd of the constituent outéer surfaces. In additibn, the reference co-
ordinate system is needed to determine the location of the spacecraft with respect
to the éarth and sun. The surface vertices are used in thé computation of the
gurface normal vectors, and thé surfage nbrmal vectors together with the lseation
of the spacecraft with respect to the sun are used to determine the sun illumination
condition of the surface;j that id, whether the surface is illuniinated by the sun,
self-shadowed, oftearth-shadowed. It should be noted that there can extst outer
surfaces that are never illuriinatéd by thé Sun; these ateas dre designatéd as
"pefrmaneiitly" shadowed areas,
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In order to determine the gun-illimination condition of the constituedt sur-
faces, all buter surface areas must be expressed in terms of the six majbr planed
parallel 10 the cbortlinate axes. Hence, thé areas of the cbnstituent planar sur-
faces parallel to a coordinate axis can bé easily expressed in terms of the six
major planes, However, for planar surfaces not parallel to a coordinate axis, the
effective surface areas projected into the six major planés must bé determined.
The projected areas in the six majbr planes are then assumed to have the sanie
normal vectdrs assdciated With the six major platies when detérmining their sur-
illumination condition; however, the true, unprojected area is used when determin-
ing the area that is subject to the charged particle environnient. The samé proce-
dure is followed for all curved Surfaces, that is, cones, spheres, cylinders, etc.

The exposed metallic parts of the spacecraft structure require special
attention. Since the exposed structural parts can exist on almost any constituent
planar surface of the spacecraft, theé exposed retallic parts Will have different
sun-illumination conditions depending on the particular location of the exposed
part. . The effective projected area of each exposed metallic part is computed in
each of the six major reference planes as outlined above. The effective projected
area in conjunction with the particular sun/spacecraft surface aspect angle is used
in the computation of the phbtoemission current; this is represented by the last
term of EQ. (22). Hbwever, the actual expbsed area of a métallic part id subject
to the plasma erviconment; thus, the total exposed metallic area is use~ in the
cbmputation of the incident partiele currents. This is represented by the first two
terms of Eq. (22).

2.4 Eleetricil Model

The electrical mbdel defines the lumped element, equivalent circuit represen-
tation of the spacecraft outer surfaces with respect to the electrostatic charging
phenomenon, The equivalent electrostatic circuit is a network consisting of capaci=
tbrs and resistors whose vilués ire elther computed or measured, It will be
assumed that a dielectric surface can he represented as a simple lumped ¢apacitor
and a parallel leakage resistance; however, this is an approximate répresentation
when considering the complex processes that occur when a dielectric surface is
bombarded by high &hergy particles. Thé capatitor components represent the
¢apacltaricé of the various dielectric surfaces with respect to the spacecraft struc=
ture, The resistor componénts represent the leakage curretit from the dielectric
sirfdees to the spacécraft structure, Additional capacitors and resistors arb
heeded to represent the surface capacitance and leakage cuirrent between adjacent
surfdces and between illtimindted and noritllumiriated sections of a sutface. How=
ever, these surface interaction processes are second-order coupling effects and
wtll not be considered in the; model. This is a cofiservative sssumption dand does
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not affect the ability of the model to predict the potential differences between a
surface and the structure or the potential differénces between adjacent surfaces.
Cofisequently, the equivalent circuit of thé spacearaflt with respect to the charging
pheromencn has the simplified form shown in Figure 2.

SURFACE
ELEMENTS
SPACECRAFT R 1
STRUCTURE 1 v,
1 —
PLASMA o . I
SOURC™ Vo . 1
= Fn ¢ 3
—AA Vn .
I 1 N PLASMA
e c SOURCE
I Co n In

[

Figure 2. Spacecraft Equivalent Circuit

It has been assumed that there are n outer surfaces. The i-th surface has an
absolute potential of Vi volts and each surface, or node, has a.correspording
plasma and photoemission generated current source having the general form of
Eg. (20). The spacecraft structure has an absolute potedtial of Vo volts and I, is
the plasma and photoemission generated current source intb the exposed metallic
surfaces and is given by Eq. (22). The capacitance, C, is the intrinsic: capaci-
tance of the spacecraft structure with respect to the plasma. This structural
capacitance can be approximated by the isolated capacitance of the structure. THis
is a reasonable approximation since the plasma sheath outer boundary, which rep-
resents the terminus of the strong satellite fields due to spacecraft charging, has
a depth on the order of tens of meéters,
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The followling set of sithultaneous spacecraft chargirg equations cafi be written
for the simplified circuit of Figure 2:

C vy -V) V-V

cn¢(vn-vo) . v, -Vv)

n [+)
= I (V)
d— RV -V) m'n

n
—_—
05 —ZIi (25)

Edquation.(25) In general will be nonlinear sin¢e the leakage resistances are non-
linear functions of stress level (v, - V) and the plasma and photoemission gen-
erated currents are nonlinear functions of absolute potential. The fumber of equa-
tibns, n, is a functibn of both the number of surfaces with different dicleetric
materiala and the number of surfaces with different sun-iilumination conditions,

2.5 Solar ‘Earth ‘Spacecraft Orbit Mocd

The purpose of the solar/earth/spacécraft orbit model is to determine the
sun-{llumination condition of a spacecraft surface ineluding both earth=shadowing
and self-shadowing conditions. The suh-illumination eohdition of a surface i3
determined by first defining the planar surface and its vertices with respect to the
spacecraft reference coordinate system. This is essentially agcomplished in the
geometrical model. Next, the normal vector of this surface is computed and the
relative location of the normal Vector with respect to the spacecraft reference
coordinate system is determined, The relative position of the sun with respect to
the earth Is computed as Well as the relative position of the spacecrak with respect
to the earth. Using coordinate transformations, the relative position of the space-
craft coordinate system with respect to the sun is then determined. Finally, the
arigle be*ween the surface normal ard the sun vector, the aspect angle, is com-
puted, Thé tntetistty of sui={llumiration is proportiofial to the cosirie of the
aspect angle with fuli iliumination occurring for an aspect angle of 0°, The surface
{s self-shadowed when the absolute value of the aspect angle exceeds 90°, Also,
the earth-shadowing condition, which occurs when the spacecraft is in the umbra
of the earth, can be similarly determined. The solar/carth/spacecraft orbit
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madel consigts of four separate parts: the spacecraft ephemeris model, the solar
model, the coordinaf € transformations , and the solar/vehicle/earth geometrical
model,

The relative geometry between the earth, the sun, the spacecraft, and a con-
stituent surface s shown wm Figure 3. As indicated in Figure 3, the surface is
defined by the vertices A, B, and C. To determine the solar spacecraft surface
aspect angle, the surface normal vector and the surface-sun vector must be
computed. The vertex vectors of the surface @%pressedn vehicle coordinates
are

FA |
FB (26)
FC
and the sun vector in inertial coordinates at the center of the earth is
oS (27)

and is computed by the solar model program. The spacecraft vector expressed in
inertial coordinates 1s

OF (28)

and 1s computed by the vehicle ephemeris program.
From Figure 3, it can be seen that the surface normal vector is given by

N (FA - FB) « (FC - FB) (20)

the solar/spacecraft surface aspect angle is then given by

cosa (N BY) AN sh , (30)
and the earth aspect angle s
cos 3 (RS - BOY (' B83! '"BO'Y . (KRR
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Figure 3. Sun-Earth-Spacecraft Orbital Geometry

Earth-eclipsing (shadowing) of a surfac# is given by the following conditioh

B <Brp eclipse condition

(32)
8= BT non-éclipde condition
where
B = SiN-1(R,/r)
R, = radius of earth (33)
r - |OF|

atid Brj- is the earth disc aspect angle subtended a! the spacecraft. Thus, an earth-
eclipsing condition occurs when the spacecraft is in the umbra of the earth. Sclf-
shadowtng or self-eclipsirig of a surface by the spacecraft itself is given by the
foilowing condition:
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= 2 eclipse condition
lal = o/ P (34)

la] < 7/2  non-eclipse condition

where o is the solar/spacecraft surface aspect angle determined fruom the solar
projection upon the surface normals.

In the simplified spacecraft ephenieris model, the location of the spacecraft
with respect to the inertial coordinate system of the earth is determined. There
is no need for a precise spacecraft orbit so an abbreviated model is used. The
orbit is assumed to be circular with a constant radius and a nominal period of
1440 min, The spaeecraft is flown in thé equatorial plane (inclination - 0°).

In the solar model, the position of the swn with respect to the earth is derived
from the American Ephemeris and Nautical Almanac which provides mean position
in terms of a series expansion of elapsed centuries from a base epoch. Conven-
tional coordinate transformations are employed to determine the position of the
sun with respect to the spacecraft (vehicle) reference coordinate system.

2.0 Numerical Integrition Appioach

The firstorder, simultaneous, nonlinear spacecraft chargirig differential
Egs. (25) with forcing functions represented by Bgs. (20)atid (22) are of such a
form that standard closed-form methods of solution do not apply. Consequently,
several "initial value" numerical integration techniques Were utilized to comptute
the time response of the absoluté potentials, Vi e, Voo The greatest success
was achieved with the Runge-Kutta“ integration process. After some preliminary
experimentation, it was found that a step size of 0.001 séc praduced satisfactory
results in the time response computation. The step size is the incremental value
of the independent variable, time, at which the dependent variable value, absolute
potential, is computed.

From initial computations of the time response of the set of Egs. (25) using
actual circuit values of capacitancé and nonlinear resistance and actual plasma
substorm parameters, it became apparett that the transient and steady-state
results could not be obtained in a.single numerical integration execution. First,
it was found that the steady-state values of potential are reached after several
hours., Secotid, the computet. execution time-to=<soliition time was enormous
(typical run times were on the order of 20 to 30 min to obfain 1to 3 min of simu-
lated time). Consequently, It was decided to characterlzc the transient behavior
by computing the transient response up to that point in time at which the transient
response was well-behaved, that is, elther monotonically decreasing or increasing
(usually on the order of 1 to 3 minJ, The steady-state solution was computed
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separately in a rapidly executed program. This overall approdeh was nut rigor-
ously accuraté athee plasma conditions can change within minutes a d illumination
conditions can change within tens of miriutes, Hewevér, {f worst case plasma add
{llurnination conditions are employed, the solutions, bath transient and steady-
state, will repréesert worst cas6 values and more¢ accurate solutions should not be
necessary.

Ta obtain thé stesdy-state solution, a more direct method was employed.
The steady-state condition is charatterized by the condition dv,/dt - 0. From .
Eq, (25), this results in the steady-state system of equations

dv. (v. -V¢)
—i.¢-2L 1.--—-—‘-——°——], lsisn (35)
dt C; i (Ri(vi'vo)
J
and
av a
9. 4 -
T 0 = 2 Ll . (36)

1=b

The solution to this system of equations car be viewed as an optimization
probletmi where Eq. (36), which repredents the current balance condition, must be
minimized while simultaneously s4tisfying the set of n nbnlinear equations, Edgs,
(35), which &anbe considered as constraint equations on the zurrent baladce con-
ditien, FOr sirmplieity, it was decided to use a simple direct enumeration scheme
to iteratively search the region

' : 7
Vv, =Vi=Vvy , O<i<n (37
where
Vi=VL+nAV , O=i=n (38)

such that Eq, (36)was minimized while satisfying the n constraint Egs, (35). The

terms V. and V,, drée thé lower dnd upper bounds, respectively, of the absolute
potentials of the surfaces and structure, Pogitive poténtial valués were tncremeti-
ted by AV = 0,1 volts add negative potential valués b» AV - 50 volts.
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3. SPACECRAFT CHARGING SIMULATION RESULTS

Spacecraft charging simulation results for a three-axis stabilized spaceeraft
are presented in this section, The spacdcralt aftalyzed, with thermal blankets in
place, could be adequately modeled geometrically as a ""box-like" etructure with
large " flat panel’ type solar cell arrays which are located above and below tire
north and south panels, respectively, of the main spacecraft structure. The
antenna structures, with thermal blankets, could be modeled as conical structures
that protrude from the front side of the spacecraft main structure and point towards
the earth's surface. The dieleetric prbperties of the thermal blankets and surfacc.
coatihg materials were measured and the equivalent capacitances and leakage
resistances of the constituent surfaces were computed. The results are listed in
Table 1. There were 13 surfaces with either different materials or different
orientations (with respect to the spacecraft reference coordinate system) that had
to be considered in the spacecraft charging analysis.  The front side had three
different materials and the north and south panels had two different materials.

The resistor values listed in Table 1 are based on the bulk resistivity character-
istic and represent the values computed at low stress level. The last element in
the table is the structurdl capacitance and was computed by using some of the
formulas listed in Appendix A.

Table 1. Element Value summary of Three-Axis Stabilized Spacecraft

Analyzed
Element Location Resistor value (ohms) | €apaeiter Valve {uf
1. Backside R, 8.9x10 c, 037
2. West Panel R, 1.2x10° C, 0.29
3. North Panel R, =21« 108 Cy - 0.16
4. North Panel R, - 1.8 » 10° Cy 0.16
5. South Panel R, 1.4 10° c, 024
6. South Panel R, 4.0~ 1010 Cq 0.08
7. East Pangl R, 1.2710° C, 0.28
8. Froht Panel Ry - 2.5 « 10° Cy = 0.13
9, Fronht Side Rq - 9.5 x 1010 Cg - 0.069
10. Front Side 2.8 v 10! C,p 0.024
11, Solar Afray Sun-Side Ry, - 3.0 <100 C,, 0.65
12. Solar Array Dark-side 1,4 108 Cp 4.4
13. Permanently Shadowed E13 " 3.8 » 508 Cy3 - 0.087
Skies
l 14, Spacecraft Structure I cmena- I C,4 - 0.000356
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In general, tlic bulk resistivity is a function of stréss level. The bulk resis -
tivities of dll the dieleetric macerials were measured by bombarding sampls of
the materials by high energy eléctrons and measuring thé through conduction leak-
age current 5s a function at electron accelerating béam voltage, ' was Conserva-
tively assumed that the surface stress level wdas approximately equal to the beam
voltage and a piecewise approximation to the bulk resistivity versus bbam voltage
characteristie was cbmputed. All of the plécewise approximations of the dielectric
materials had a form similar to the pigcewisé approximation of Chemglaze paint
shown in Figure 4. To simplify the simulation and to decrease the execution time,
the piecewise approximation of all of the materials were employed iri the analysis.

11 /
O |
/
|
|
/
10%° |
s r / 15
[3) ’— Pe 3.3 x 10
& L V€ 2,8 KV
Y
.
1015
2 o V>2,6KV
z -
Pe2.2x10'7 )40
[7+}
o Vv INKV
107 |-
-
N
T d (TR YT TN R |
10,0 1.0 iy

BEAM VOLTAGE INKV
Figure 4, Piece-Wise Approximation of Chemgleze Paint Bulk Resistivity
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Spaceeralt charging simulation results were obtained for the three-axis
stabllized apaceeraft during the peaks of the fall=equinox and wintcér=solstice
periods, These two periods of the earth-sun orbit represent the extremes of sun-
Illuminatian condittion experienced by s geosynchronous satellite.  For example,
during the equifiox period the satellite s totally shadowed because of carth-
eclipsing and the spacecraft structural potential will arhicvc its highest-ncgative
value. The earth eclipse period can last as long as 72 niin roughly from 23:30 to
0:45 local time. During the peak of the winter-solstice period the south panel of
the spacecraft as well as the solar array, east panel, and backside are sun-
illuminated. The maximum amount of exposed metal that is illuminated by the
sun occurs during this period because the south panel has more exposed metal
than the north panel: if the reverse had been true, the maximum amount of exposed
metal that is illuminated by the sun would occur during the summer-solstice per-
period. Thus, during the winter-solstice period the spacecraft structure will
achieve it lowest negative value.

Using the average plasma substorm parameters of the 2 January 1976 sub-
storm, which was the worst substorm measured by ATS-5 during the first 50 days
of 1970, and assuming a time-invariant, omnidirectional charged particle sub-
storm, the absolute pbtentials of the spacecraft structure and outer surfaces were
computed. That is, it was assumed in the analysis that the substorm can be ade-
quately represented as a "'step" function in electroh and proton temperatures
and particle current densities over their values that normally occur during the
"quite-time," that is, their quiescent conditions,

The average substorm paramaters as well as other parameters used in the
analysis are listed in Table 2. The complete substorm profiles for the 2 January
substorm as well as the average values have been given in a previous paper. 6
Based on ATS-5 data of the 2 January substorm, a "'step" function of 9 hr duration
was employed in the simulation model, existing roughly from 23:00 to 8:00 local
time!. Starting with tnit{al values of zero absolute potential at 23:00 hours, the
Runge-Kutta numerical integration procedure was employed to determihe the
variatioh of the surface and structural potentials with time. Since the numerical
tntegratioh technique produced roughly 60 sec of simulation results for every
1000 sec of execution time, thé continuous substorm response coufd not be com-
puted for thé full 9 hr duration, Tnstead, the transient solution was computed using
the Runge=-Kutta procedure until the surface and structural potential time responses
were well~behaved end approaching their steady-state values. .

Sirice the magnitude of the transient response is approximately proportional to
the magnitude of the change in forcing function conditions, the more significant
transtent responses will occur when there is a significant change in the particle

257



Table 2, Phototmiasaion, Secondary Emission, and Omnidirectional Plasma
Pakameéters

Parameter Typical Range Vaiue Sclectad
Tph 1V5Tph53v 2V
Ts 2V 4';1‘S =4V 2V
.
feM OsfeMsl 0.5
feD 0:feD_<_1 0.75
0=f =1 0.5
pr = PM <
f Nef =1 0.75
Pp Pp
T ---- , 6.0 kV (substorm)
¢ 3.0 kV (quiet)
| 20.0 kv (severe substorm)
T ——-- 12.0 kV (substorm)
P 6.0 kV (quiet)
40.0 kV (severe substorm)
. 2
J d.82 na/cm <J 2.0 na/em?
phy, =< 4 na/cm? pH,
Jo 0.02 na/em2 = J 0.6 na/cméz(sub.storm)
o =2 na/cm? 0.02 na/cm¢ (quiet)
Jp 2 pa/em? < Jp = 0 02 na/cnzw‘ (substorm)
° 32 pa/em (e} .0 pa/em® (quiet)

current densities or edergigs, Consequently, transient solutions were obtained at
the onset of the plasma substorm, where particle temperatures (energies)and cur-
rent dénsities change suddenly from their quiescent values to their substorm
values; at the beginning of earth-eclipse, where the photoelectron current forcing
functton is zero; and at the end of earth-eclipse, where the photoelectron current
forcirg functioh becomes nonzero. The transient response of the structure, the
solar array, and the surface that exhibited the grzatest steady-state potehtial dif-
ference Is shown in Figure 5 for the onset of the 6 kv substorm. In thts figure, as
well as the others. to be presented, the transient response is shown for a period

of 70 sec and the steady-dgtaté solutions are shown on the right stde of the figure.
The transition pertod fro n the transtent to the steady-state solutions is indicated
by the dashed lines. (As expected, the surface that conststently exhibited the
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Figure 5. Transient Response at Onset of a 6 kv Substorm. Fall-Equinox 23:00 LT

gredtest steady-state potential difference between the structure and the surface
itself, was covered with dielectric material that experimentally had the highest
value of bulk resistivity,) It was assumed that all potentials were initially at zero
volts. It can be seen that the surfaces "fall'" instantaneously to a few hunured volts
with small pbtential differences between the two outer surfaces and the underlying
structure. This behavior was typical of all of the surfaces of the spacecraft. The
absolute potentials than "fall"' monotonically negative until, after a long period of
time, the final steady-state values are achieved. The transient response at the
onset of earth-éclipsée is shown in Figure 6. It was assumed, as a worst case,
that the steady-state values of the previous period had been achieved at the start
of the earth-eclipse and ar# thé initial values used in the numerical integration
program. It cah be seen that the structure instantaneously '"falls to a negative
value of about 9 k¥, hawever, the initial potehtial differetices are maintained. but
decréase friohotortically in the steady-state to small values on the order of a few
huridred volrs, The transtenit response at the end of the earth-eclipse period is
showh {n Figure 7. Again it was assumed, as a worst case, that the steady-state
values of the previous period had been achieved at the end of the earth-eciipse
peftod and these values then became the initial values in the numerical integration
program, The structural potential instahtaneously decreases to a negative value of
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a few hundred vblts; however, the pbtential differences are maintained initially arid
then inereasé¢ monotonieally to somewhat larger values. The solar array is
"clamped™ to zero volts (actually less than one volt positive) by photoemission,
'This cohdition occurs for most surfaces with full sun-illumlnation intensity.

Upon comparing the steady-state with the trnnsient solution Values, it becomes
apparent that the final steady-state values, that is, those! values achieved if the
sun-illumination conditions did not change, represent the worst -case differertial
values, Also, the differéntidl poter.:als cafi change instahtarizously by no more
thau a few hundred volts. But, thr absolute potential of the spacecraft structure
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can change almost indtantaneously since it has small capacitance. In all cages,
the transient response times are cbntrolled by either the potential constants of

the forcing functions or the time constants of the circuit elements or both. The
differential pstentials of the outér surfaces do.not change instantaneously by large
amounts SINCE the circuit element time constants, which arc?large in value (the
product of res{stance and capacitance), are dominant, However, the absolute
potential of the surfaced, whieh is the sum of the absolute potential of the structure
and the differential pdtential between the surfaee and the structure, can change
instantaneausly in conjunction with the structure, This is demonstrated in all of
the transient responses ard in particular in Figures 6 and 7, At the beginntng and
at the end of earth-eclipse, the absolute potenttal of the structure changes by a
large amount ard the absolute potentials ofthe surfaces change by a similar amount;
thus the potentlal differences do not change ir value initially.
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At the cnset of the gubstorm, the structure ''falls” slowly negatively ¢iice
there ave photoelecttun emissiolts whi¢h tend to canéel the influx of ¢lectrons from
the plasma curretlt sourcé, At the onset of earth-eclipse there are rio photselec-
tpon currénts and the plagma electron ¢urrent sources dominant and rapidly
charge-up the small structural capacitance. At the end oOf earth-edlipse, the large
photoelectron current source$ agaln reoccur. The large outflux of electron9 from
the exposed metallic parts produced by the photoémission currents i8 instantan-
eously supplied by the structural capacitance .and consequently, there is a rapid
decrease in the negative absolute poteéntiv of the structure.

As discussed previously, footthree-axis Stabilized space&rdft there is con-
siderable diurnal as well as seasonal variations in the amount and location of the
outer surface areas of the spacecrait that are exposed to thé sun. This, ihe sun
illumination cotidition of the 13 dielectric surfaces of the spacecraft. are computed
throughout the orbital path, From the solar/eatrth/spacecraft orbit model it was
found that the sun-illumination condition did not change significantly in local time
inceements less than 30 min. Consequently, steady-atate solutions were Computed
at 30 min increments throughout the duration of the substorm. In general, the
final steady-state solution will never be achieved at the end of the 30 niin period
siice some OF the scurce potential and network time constants thvolved are on the
ordaer oOfF thoudands of seconds and the initial Sun-illumination Conditions, on which
the firal steady-state solution is based, Will change significantly every 3d mia, A
summary of the spacecraft steady-state values using thé average plasma parameter
values of the 2 January substorm, is listed in Table 3 for 1HKr incrémiénts through-
out the duration of the substorm for the fall-equinox périod, The hourly incre-
mental values are representative of the worst-case potential differences obtatned
when compared against the values computed in the smaller Half-hour increments.
The widely varying values of the absolute potentihl of the spacecraft dtructure are
shbwn ag well as the maximum Surface differential potehtials. It can be seen that
during eclipse (lasting roughly from 23:30 to 0:45) the spacecraft, in steady-state,
achieves a negativé potential of about 9 KV and a maximum surface potential differ-
ence of -4.5 kV was reached towards dawn.

A similar nnalysis was cbnducted for the peak of the winter-solstice period for
the 6 KV test substorm, As expected, the lowest iegative spacecralt structural
potential was achieved durirg this pertod. A summary of steady-state values is
presented In Table 4. A maximum pbtential differencé of -4.6 KV was achleved,

Ag can se¢ geert from.the sumniary tables, the spacecraft strugtural potential
varies widely reaching a maximuim negative value of about 9 kV at eclipse and a
riifilum hegative value of 45b KV during thé winter-solstice period. Id this
particular design, the structural éxposed metal was kept to a mininium and this
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Table 3. Sufmmary of Steady-State Results for 6 kV Substorm During FFall-
Equinox

Material with the Maximum
Potential Difference for
Assuméd Plasma Conditions
Absolute AV Between Absolute Potential
Local Potential Surface and of §/C Structure
Time (volts) S/C. Structure (Jolts)
23:00 -5950 . -4006 -1956
24:00 -87350 200 -8950
(eclipse)
1.00 -5950 -4000 -1950
2:00 -5560 -4250 -1250
3:00 =5560 -4250 -1250
4:00 -5500 -4250 -1250
5:00 -5700 -4200 -1500
6:00 -5850 -4050 -1800
7:00 -5350 -4350 -1060
8:00 -5200 -4566 -700

Ta?le 4. Summary of Steady-State Results for 6 kv Substorm During Winter-
Solstice

Material with the Maximum
Potential ifference for
Assumed F | isma Conditions
Absolute AV Between Absolute Potential
Local PoteNtial Surface and of S/C Structure
Timé (volts) S/C Structure (volts)
23:00 -5256 -4400 -850
24:00 <5700 -4100 -1600
1:00 =5250 -4400 -856
2:00 -5206 -4500 -700
3:00 -5200 -4500 -766
4:00 -52G0 -4506 -700
5:00 -5200 -4566 =700
6:00 -5350 -4350 =1000
7:00 -5050 -4600 -450
8:00 -5050 -4600 -45)
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helps to explain the fact that the structure never achieved zero potential when
various exposed parts weré illuminated by the su, Examination of the steady-
state values of all of the surfaces indicates that during eclipse all of the surfaces
achieve almost the same absolute! potential. This results from the fact that all
surfaces have the same shadow ahd plasma current source conditions,

L LONCLUSIONS AND DISCLSSION

This paper has been concerned with the development and applicatibn of a
charging model for three-axid stabilized spacecraft. The objective of the mbdel
is to determine the differential potentials between the outer surfaces and the struc-
ture of a spacecraft throughout its geosynchronous orbit When under the influence
of a geomagnetic substorm. It was assumed that the interaction between the plasma
and the spacecraft can be adequately represented by ah equilibrium theory approach.
That is, the energy distribution .of the constituent plasma particles ¢an be expressed
in terms of an omnidirectional Maxwell-Boltzmarin distribution. The plasma is
then represented by equivalent voltage dependent current sources and the outer
surfaces by sirmmple lumped elements. The resulting first order differential equa-
tions are integrated and potential distributionis determined. Sun-illumination con-
ditions were determined by a solar/earth/spaceeraft brbit model and the intrinsic
capacitance of the spaceecraft with respect t¢ the plasma sheath id approximated by.
its isolated capucitance, Spacecraft charging simulation results, including both
the transient and steady-state solutions, have been presented.

A knowledge of the pbtential distribution of the outer surfaces and structure of
the spacecraft throughout its orbital path is impsrtant from a systems design and
analysis viewpoint. In general, spacecraft materials that maintain stress levels
below their dielectrie strength level should be selected. If, from the analysis, it
appears that the dielectric strength of various spacecraft surface materials will be
exceeded, then, depending on the magnitude and repetition rate of the discharge
and locatisn of the material, correetive action such as modification or replacement
of thé material.may be necessary. Thud, the spacecraft charging simulation re-
sults can be useful in detérmiining the selection and location of the type of outer
surface thermal blanket or coating materials to be employed in the design of
spacecraft,
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The spaceéraft charglrg simulation résults ¢an be useful in establishing the
relationship between the amount ahd lobation of the exposed structural metailic
parts and the absolute patential of the spacecralt strusture, For example, from
the spacecraft charging simulation results, {t was found that when a maximum
amount of expoded metal was {llurainated by the sun, the strdctural potential
achiéved Its lowest negative value (because of photoemission). At the same time,
the surface differential potential attained its maximum value. Conyersély, when
a minimum amount of exposed metal was illuminated, the spacecraft structure
achieved its highest negative value and the surface differential potential attained
its minimum value. The above results demottstrate that it is desiraule to employ
design approaches that allow the structural potential tu attain values between the
surfaces "clamped" at zero potential and those with the highest negative potential
sinte the differential potentials are than minimized. The exaet design approaches
taken will depend on the spacewaft configuration, orbit, and outer surface
materials,

In the simulation analysis employing a step functiont, that is, time-independ-
ént, representation for the plasma substorm, the worst casé¢ differential poteritials

occurred at steady-atate and dot during the transient response. This.representa-
tian is not realistic since the particle energies and current dedsities are slowly

but widely Varying functions of time. Because of the large time constants of the
equivalent spaceeraft circuit, a steady-state response using the actual time-
dependent plasma forcing functisns would néver bé reached, However, the trans-
ient response obtained With a step foreing futiction is indicative of the type of
response that can be expected when using the time-dependent forcing functions.

In addition, the stéady-state response to a step foreing functibn can be used as an.
upper bound of the worst-case differential potentials when the step function is used
wi'» worst-case plasma Values. This {s supported by simulation results which
indicate that the magnitude of the differential potentials as well as the absolute
potentials aré.directly related to the magnitude of the substorm particle ettergies
(temperatures) and current densities.

Upon examining the spatecraft charging results, it becomes apparént that the
absolute potentials bf the surfaces are controlled by the absolute votential of the
structure, THe structural potential can change irstartaneously bécause of its
small intrinsic cdpacitance, Hbwever, the;time response of the différertiaj poten-
tials i controlled by the large time constarits of the equivalent spacecraft electro-
statfc circuit and the large potential constants of the forcing functions.

The model presented in this paper is based on an equilibriurn theory approach.
Othér, more accurate, but complex approaches take into consideration particles
trajectories, their actual energy distributions, and determine the surface
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potentials by solving Poisson’s potential distribution equation in three dimensions,
Althbugh the model is based ont simplistic assumptions, thé simulation results
obtained fbr the structural poténtial are in relative agreement with the structural
poteéntials measured on-bbard ATS-6, a three-axis stabilized spacécraft. The
chargig model predicts that upon entering eclipse, theé spacecraft structure falls
almost instantaneously to a value of about -3 kV arid 1éaving eclipse the spacecraft
structure rises almost instantanecusly to a féew hundred volts negative. Similar
trahnsiént results into and but of eclipse have been observed on ATS-6, In additiod,
the structural potential variations duridg the post-eclipse period, as predicted by
the model, correspond, relatively, to measured results o ATS-6. For example,
examining the steady-state stress levels inthe post-eclipse périod, it can be seen
that .the structural potential risés to a low negative value after eclipse but falls
negatively towards dawn and then rises to a low negative value at dawn. ‘I'hese
results are in relative agreement with data measured on board ATS-6.
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Appencix A

Electrostatic Capacitance of Several lsslot ed, Thres Dimensional,
Geometrical Struetures

1. INTRODUCTION

In this appendix, equations for the isolated electrostatic capacitance of several
types of geometrical structures are given,

1.1 Sphere

The isolated capacitance of a Sphere ist

CISO :4i?eoR (A1)

where Cmo is expressed in farads, R is the radius of the sphere in meters, and
€, is the.permittivity of.a vacuum (8.85 x 10712 farads/meter),

1.2 Cabe
The capacitance of art isolated cube has been found to e 3
CISO = 4 €y (0. 656) ¢ (A2)

where ? is the length of the sides of the cube in meters and Cls‘o is expressed in
farads.

1.3 Cylinder
*
The capacitance of an isolated cylinder is givert by

4"an
Crapy = =7 A3)
IS0 s 51/2 (
In

a+(a® +R%)
R
where CI‘-}O is expressed in farads, a Cy one-half fhe length of the cylinder in
meters, and R id the radius of the cylinder in meters.
*This formula was derived by the authors.
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The capacitance of a truhcated cone will be approximated by the capacitance
of a eylindér with R length equal to that of the cone, but the radius of the equivalent
cylinder is the average of the radii of the truncated core, Using Eg. (A3), the
results are

150 = . .21/2 (A4)
In [a*(a + R%)

where R - (R, t R,y)/2 and Clso i3 expressed in farads and the radii expressed in
meters,

15 Thin Rectangular und Elliptical Plates

The capacitance of thin rectangular and elliptical plates have been derived in
a previbus paper™ and the results are given in graphical form for various value::
of lerigth and width, and semimajor and semimirior. axes, respectively.

16 Thin Circular Plate

The capacitance of a thin circular plate is given by4

N 2R
CISO = (111.1) (A5)

where R is the radius of the circular disk in meters and Ciso is in picofarads.
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