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11. A Simulation Model of Time-Dependent
Plasma-Spacecraft Interactions

P.L. Rothwell, A.G. Rubin, ond G.K. Yates
Air Force Geophysics Laboratory
Honscom AFB, Mass.

Abstract

A plasnia simulation code i& presented that models the time-dependent plagma
propérti¢s in the vieinlty of a spherical, charged spacecratt, After showing
agreemetit with analytic, steady-state theories atid ATS-6 satellite data, tlie foliow-
ing three problems are treated: (1) transient pulses from photoeriigsion at various
érmission tgmperatures and ambient plagma4 cbnditions. (2) spacécharge limited
emigsisn, ! and (3) simulated plasma oscillations in thé lohg-waveélength lithit
(k A cc 1)

1. INTRODUCTION

11 Motel Objectives

Thé objective of this computér model i to realistically sitnulate plasma-
spacéeraft {riterdctions. |t presently tredts timé-depeiident plagmad phenomena in
tlie limit of gpherical syrimetry. Although future plans anticipaté thé incorporation
of a realidtic three-dimensional spdcecraft geometry, undetstidnding of the spheri-
cally §ymmietric limit uniquely {dentifies plasma effects. In thts mariner, itis

380 itV M
P Sy E ey .



hoped that the model will prove to be a useful tool i differentiating botween plasmia
and geometric phenortiena observed in the SCA THA satellite data.

1.2 fleseriptioti of the Model

We ugé what IS commonly called a "pafticle pustier'' model. That ts, one
approximates the ectual plasma by a number of "computer" particles whose charge,
position, angular momeéntum, and velocity are tracked in time. By properly
weighting thege computer particles, reddonable statistics can be dbtaired fear the
gpdcecraft,

Appropriate particle distributions are generated either by & Monte Carls
technique or by a 8ystematic loading of the velocity and spatial intervals (“'quiet
gtart"). 3

For purposés of cémparifon, we have initially réstricted oursslves to
Maxwellian distributions, However, both methode (Monte Carlo and Quiet Start)
can easily be extended t0 any distribution that ean be fiumerically integrated. Once
the teutral plasma ig ereated, the computer tracks the particles and recalculates
the potential at each time step, Particles that hit Or are emitted frém the space-
craft aré taken into account a8 well as thoee that enter and exit the ghéath boundary,
Thug, the cémputerized gheath structure dymamicdally Wolves in analégy with the
pHysical &ituation. Oné may then &tore the results and restart the progrdm with a
new Bet of environtriental parameters.

In Section 2 of this paper, We will show the agreemerit of thé present work
with that of other apgrosches and With the ATS-6 data. Section 3 deals with the
photosheath, The minimum risé time of the pacéeraft potential is determined far
varioud émisaien temperatures and ambient plasmia paramiéters. Space charge
effects are algo digcussed as well as thogeé due to secondary emission and back-
geatteritig, Finally, in Sectlon 4, we {llustrate the possible presénce of plagma
oscillations by petforming "computer expériments' with the code.

2. COMPARISON WITH ANALYTIC APPROACHES

2.1 Comparison with Langmuir Theoy

AB a f{f5t step we dompared bur steady~state regultd with thdge expected
from Langmulr theory. 4,5 Bigure 1shows the somparigsn. In thebe redults, the
ampblent plagmi ternpérature and denéity wére held fixed aild the fiked potential 66
the probe (8pacecraft) tricreaded, The pararhetér Iy is the ambterit current to the
probe surfads at sers Voltage. 1f one makes fhe dame dgéuriptiot for the motel a8
for the Langiulr theory (that is, nb preshesth aceeléfation), good agreement i8
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Figure 1. Coémiparisorn of the Simulation Cbde with the Mott-Smiitt-
Langrmuir Theory. This figure depicts a current-veltage curve id
the thick-sheatt approximation. The probe radius IS 1 m and the
outer ghedth boundary has been set to K = 2 and Rg = 3 int units of

JLP. The dbts repreeent the cowe where there id presheath acceler-
ation. That {8, when the potential at Ry IS nonzerd

sbtained. (Presheath acceleration takes into aceourt the dependence of the sheath
size on the prabe potential. In the code, this is represented by a Bolternarin
factdr at the sheath bduiidary. %)



2.2 Computisoi with Stati Laden

We also compared eur reaults h the ateady-state limit to numerfeasl solutions
of the Viesov and Polaoon equationhs. %7 The ateady-atate limit is renched by
allowing an initlally neutral plasma to form a ehcath around o veltage-binsed probe
Flgure 2 shews the code results after 0. 17 maec. In thla example, the probe has
& bias voltage cqual to minus ten times the average electron energy express. J in
electron volts. Frem Figure 2 it IS seen that both methods give the same voltage
profile, but differ somewhat for the electron density at large r. This difference
is probably due to the time-dependent code not having reached the true steady-
state values.

Figure 3 shows a similar comparison for relatively intense monoensergetic
electron emission from the probe surface.® The probe is positively biased at
+2, 0 volts. THe emission energy is +1. 0 electron volts so that all emitted elec-
trons return t(, the probe sufface. The resultant density and voltage profiles show
good agreement. Scatter in the time-simulatioh results can be improved by using
more computer particles. For example, in the present case we used approximnately
4000 computét ions and electrohs. This number can be significantly increased at
the expense of longer computation time.

2,3 Coniparison with ATS-6 Datd

Two charging events in the eclipse region were analyzed from ATS-6 data
supplied by DeForest. ® The proton and electroh temperature during these events
as well as the simultaheous vohicle potential are nhown in Table 1. 10 These two
events represent a time when injection of hot plasma took place. Also shown in
Table 1 are the vehicle potehtials as predicted fram a simple Boltzmann apprexi-
mation and a thick-sheath approxi: ntion to the orbit-limited Langmuir theory.

The Boltzmann appro:'}ergaﬂg\ assumes that the electron density Is closely
represented by N, = N_ e P'77€  protons are considered to be unaffected.

0
Therefore, cdrrent balance is given hy

/2 1/2.
e(kTe) . | etbpl /KT, -<ﬂ>
'ﬁ;’ mp
ot (1)
ed /kT = Infet m /t m 11/2
p ¢ © pope

where m = protori mass, m = electron mass, k = Boltemann constant and E is
defined below.
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Figure 2. Potential and Density Profiles in the Sheath. Com-
parison oOf the time-dependent code with a steady-state numeri-
cal solution to the Vlasov-Poisson equations (L. W. Parker,
private communication), The density, n, is normaliged to its
ambient value, The potential, V, is shown normalized to the
électron temperature. The parameter, t , IS the time at
V\%hiclhot&g time-dependeﬁt regults Werg te}ken. A ne{gativ‘e biag
or - volts 18 on the spdces urface. Ry isg t )
in units of probe radﬂ pacecratt B 18 expressed
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EMISSION CURRENT = (07° antp/m®

EMISSION ENERGY = leV (monoenergetic electrons)

EMISSION. OENSITY =211/ ¢cmd

AMBIENT TEMPERATURE = 5eV (Mdxwellidn)

AMBIENT DENSITY = |/¢in®

&o = +2V = Sphere Potential (quasi-equilibrium)
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Figure 3. Comparison of the Time-Dependent Code with 8 Steady-
State Numiérical Solution with Motioenérgetic Emission. Ry = satel-
lite radius. PARKSSG is a code developed by L. W. Parker that
includes electron eurface emissioni. See reference 8

Table 1. Comparison of Boltzmank-and Langmuir Theéries with ATS-6
Data. € = 0.16

— T T T = |
| [ L - . 4
Day of Event | T, ‘ Langmuir
Ti576) P I Te | Mess. ‘ SaMamanr ‘ Shiat-Shante ,I
59 237 | 8.1 | 1.19 1.45 110 1
66 2.5 | 8.8 | &1 9. 85 a8

-~
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The Langmulr thick-sheath approximation is more realistic in that it also
takeés into account the effect of the gpadsacraft potential on the net proton current.
It is given by

: 1/2 1/2
KT, -leo_|/kT KT
e P e ’
e( mé) e -(_r.n.f) 1+ e¢n/kTp) ) ()

a transcendental equation in.the satelllte potential, ¢  which canbe reduced to a
quadratic equation in (Te/T /2 The parameter, €, 'represents the net fractional
electron current to the spacecraft and, thus, takes ihto acedunt secondary emis-
sion, backscattering and photoemissicn. In Table L we have setE = 0. 16 (that is,
84 percent het backscatter, etc.) for bath approximations. Examination of EQ. (2)
shows that in the limit of large proton temperatures the thick-sheath approxima-
tion reduczé to the Boltzmann case. This is also seen from Table 1. In both
cases, the Langmuir thick-sheath approximationa gives better agreement with
measuked results than the Boltzmann limit.

Insight ints the expected sensitivity of spacecraft Voltage to changes in the
ambient current, can.be seen froin Figure 4 which eontding a plbt of Eq. (2). The
top-half of this figure is a lifear gcale plot of nérmalized voltage to the net ¢lectron
curreént ineident on the spacecraft normalized to the ambient electron current
(with the Boltemann factor). The bottom half of theé figure ghows the Bame curve
on & log-1sg scale plot. These Curves will be modified by any voltags dependence
in € such as space charge limiting effects.

In zonclugion, for large negative spacecraft potentials, the thick-sheath
approximadtion predicts the average gpacecraft voltage, given the propér material
characteristits and the ambient electron and prétot temperatures. The code is
conéistent with the thick-swath limit, arid predicts sheath dénsity and voltage
profiles. The éimulation code, hawever, ig alsb valid Where the thick-shesth
approximation breaks down. That i{s, where space charge.and time-dependent
effects become important.

The importance of space charge is determined by somparitg the gpacecraft
surface charge to the charge residing in the sheath. For large surfade pétentials
and {.nuous plabmae. spiceéraft surface charge IS dominant. In that case,
Laplaeian dolutions with approprtate geometric bburiddry conditibns should be
adequate, Aw.oWw Vehicle potentials with surfage emission, space charge effects
become impértart.
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Figure 4. Spacecraft Voltage versug Net Electron Current as
Nbrmé%ized to the Ambient Current (Including the Boltemann
Factor

3.: THE PHOTOSHEATH

3.1 Introduction

Incident 8unlight causes the emission of 16w energy (~2 eVJ electrdns from
the sdtellite surface. This emisaloti, in a hot plasma environmernt, sometimes
swtngs the satellite poteritial thousands of volts as the satéliite enters and emerges
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frém the eclipse region. A second effect of photoernission is its background
effect. on amblent plasma density reasurements. Thege measurements must be
corrected for electrons originating on the satellite surface. A third effect of the
photosheath IS {t5 possible interaction with onboard electron emitters é{ther
throlgh space~charge Umiting effects or by stimulation of plasma oscillations.

In the present code, we can simulate either mbnoenergetic or Maxweéllian
photoemission. The Maxwellian case is described in detail in Appendix A. The
angular digtribution of the emitted photoelectrons follow a cosdine law relative to
the surface normal. 1! In.the following paragraphs, we eonsider photoemission
to be switched "on" att = 0. This iS a worst case condition sirce satellites
emerge frdm eclipge over a period of minutes.

3.2 Monoenergetic Emission

Figure 5 ghhws the gimulation results for monoenergetic emission. The
vertical axis represents the satellite (taken as a 1 m radius sphere) potential
while the horizontal axis dendtes time in microséconds. The Satellite is taken ts
be at zerovolts att = 0. The bump in each of the curves occurs when the initially
emitted=slectrons return to the satellite. The final Surface i¢ the result of twb
effects. First, emitted electrons do not return until the satellite reaches a voltage

rpilm T T3SV ngemrlem®  f,(Bl~cosd Qg | X107 ANP/m

&7 ¢
N Pl ruov

¢, (voits)

Figure 5. Mgnoenerget{c Eml,gion in a Tenuaus Plasma. The emission is
assumed to be switchéd "on' &t ¢ = 0. THi& represents a woret case condi-
tioh. The dbsclées i8 {n microseconds
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equal to the erilsslon-energy. Secondly, there is a finlte transit timae for the
réturning electrong. Thig rieans that the final voltage {s Higher than the eriission
energy expressed In electron Volts. The dotted lines represent gpsceésrart voltage
buildup inthe ltmit Where all emitted electrons escape. Further cases regarding
rachodnergétic photoemigeion can be found inKatz et al, 12

3.3 TransientRise-Time

Figure 6 shows expected surface voltage rise-times at various ambient densi-
ties. In thebe runs the photselestrons areemitted with a Maxwellian distribution
with a température corresponding to 6 eV. 13 The ambient density IS tlten varied
to deterimnine the rise-time.sénsitivity to the ratio of the ptiotoelectrcn and ambie:it
currents. o .en -

T, 5056V E pnot ® 66V (MAXWELLIAN) a *igher /g, aus L
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Flgure 8. Spacecraft Voltage Translerts fbr a Fixed Emission Temperature
andVarious Plasma Dénsities. NO secsndaries ineluded

In Figure 7, we treat the alternative case. That is, the ambient plasma para-
meters are held constant and the phétéemigsion temperature iS varied. The dotted
line represents 180 percent escape efficiency for the emitted electrons. The
steady-state surface voltage, as expected is dependent on emission temperature.

The transients dhown {n Figures 6 and 7 ¢ould cause satellite malfunctions if
they reached a critical logic circuit. Integrated ¢{reuits usually sperate over
0+8 vblte so that & 2 2 volt transient through the grbund lines would give a false
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Figure 7. Transient Spacecraft Poteritials for Strorg Photo-
emission at Various Emission Temperatures. No srcondaries
included

signal. The incident sunlight flux must change more rapidly than the characteristic
time-constant of the surface materials. Otherwise, these rise times will not be
significant Further research into this area needs to be performed.

3.1 Space Chirge Limited Emission

Chang and Bienkowskil? showed that large current emission from a posi-
tively biased probe is inhibited by spare-charge buildup in front of the surface,
(Se¢ center Figtire 8.) Wh(pp‘le1 used 4 similar approach to show that differential
surfare charging is rnecessary to explain the barrietr potentials observed on ATS-+.
In this section, we use the simulation code to produce space-charge effects
Application is then made to a floating spacecraft potential with and withsut active
coritrol experiments.

The versatility df thé present code is illustrated in the lefthand side of Figure 8
The surface potential ts held fixed at +6 voits while the electroriemission current is
increascd.  For a nominal 5+ 1073 A/m?2 photoemission current density, no
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Figure 8. Siiiulated Maxwellian Emission Showing Potential Barriers
The leftharid figure shows the barrier dkpfh as a funiction of emission
interisity. (The higher values of lghd are, of course, unrealistic and
are used solely to illustrate thée b rrfei‘). _The righthand figure shows
the barrier as a funrtion of surfarc potential
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potential barrier i8 observed. However, if the emission is artificlally ¢nhanced
to 50 and 500+ 1077 A fm? potential barriers are clearly evident and inhibit further
emisgsion. (Inthese runs, the sheath boundary was chogen at 3 32 m) The effect
of the potential barrier i& such that only 57. 3 percent, 22 2 percent and 4 4 per-
cent of the eniitted flux reachcb 3.32m fbr the three respective cases. These
results show that-the simulation code can treat space-charge effects and predict
emission efficiericies. The code can distingdish between emitted and ambient
particles and, therefore, can be used to correct ambient plasmia measurements

The depth of the pbtential well is also dependent on the satellite voltage On
the righthand aide bf Figure 8 we show three curves for the sam¢ ambicnt and
emisdion characteristing but at different surface potentials. For large negative
Values of the surface potedtial. the well is completely eliminated since emitted
electrons are rapidly repelled. On the other hand, if the surface potential is too
pbsitive. the emitted electrons quickly return to the emitting surface and a signi-
ficant spacecharge cannst form. Therefore. potential wells are expected for only
a specific range of surfaee potentials.

The situation is more complex with a floating spacecraft pbtential. In this
case. both the well depth and the Surface voltage are strongly dependent on the net
electron current. Figure 9 show&the expected voltage profile in the sheath at
various emission currents and ambient densities. Runs were taken at three
densitied n = | em™3, 5em™3 and 10 em™3 with a photoemission rurrent of
8.2u A/m2. 15 The emitted current was then increased to 40u A/m2 which is the
limiting phbtbemi'ssion intensity for aluminum. 1# In additioh to phbtoemission,
84 percent of the incident electrons were assumed to cause isotropic secondaries
to be emitted with a Maxwelliad energy digtributior (kT = 2.5 eV) The 84 percent
figure was estimated from ATS-6 eclipse data (Table 1).  Figure 9 shows that
the presence df a potential well is depé¢ndent bn a ""balance™ between the ambient
and emitted current$. Space charge alsb gives rise to the curioug effect that a
spacecraft may have a nét positive charge but be at a4 neg live phtential rrlative to
the ambient plasma.

The Pigure ¢ also shows the rmaximum barrier to be abbut -3 volts. These
results are in agreement with those of Whipple! who showed that the barrier
potentials inferred ffom AI'S-6 data are too large to be explained in terms bf a
spherically symretric phbtoelectron or secoridary sheath eurrounditig a uniformly
charged spacecraft. Differential chargivig betweeh spacecraft surfaces is, therc-
fore, riainly responsible for the poteritial barrier. The average satellite potential
relative to the atibieiit plasma, however, is determined by the sheath.

Active control expériments in hot dense plasma could lead to more pronouriced
space-charge eh‘e;ts. As an extreme example, we tdok T, = 9. 1k eV, T;=23.7 K ev
and i = 5+ 10% ci®.  Inthat case in order to maintain neutrality, electron emission
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Figure 9. The Potential Profile in the Sheath at Various
Emissgion Intensities and Ambient Densities. The sur-
face potential is hoating

of — 1.6A was required. A potential barrier on the brder of hundreds of volts
wa obtained.

3.5 VFutire Plads

The Monte-Carlb approach is presertly being applied to include realistic back-
scattering and secondary emission from bath electrong and idcfdent iahs. Thege
procegsed are energy and material dependent. In this way, insight irto the tmpor-
tance bf materidl propertied on spacecraft chargidg will be gained.
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1.1 —Introduction.

Becaude of the dynamic nature of the plagma, the gHeath potenttal may oscillate
in time. Moving plasma péarticlés "overshoot' thelr equillbrium pssitions ahd
undergo simple harmonic nistion, Collective oscillations are, therefore, clogely
connécted with dynamis screening. 17 The natural frequeticy of these collective
mbdes Is the plasma fredquency,

1/2

oo = (21e%
P‘= m,

(=)

where n {8 the ambient plasma density. The sheath, therefore, is like a resonant

cavity that 6scillatés under-certain perturbations. ... .. ... o mt e o oo c————

4.2 Observation-of-Plasma Oscillations

Initially, we looked for plagsma osecillations in the thin-sheath limit. An
amblent density of 200 em™3 and an electron-ion témperature Tg = T( = 0.2 eV
wds chosen. This gives a Debye length bf 0. 235 m compared with a 1 m prbbe
radius. The probe potential was biaged at +1, 0 volt. The top three curves in
Figure 10 ghow the sheath potential profile at 10uget intervals. Some time-
dependence s observed but its coherent praperty is not clear. The periodiz
nature of the time-dependence i& enhanded by plotting the pdtential at a constant
distance (r = 2. 60 m) from the probe surface 4s ghown in the bottom part of
Eigure 10. The local potential bscillates at a f-equency comparable with the
plasma frequenzy (wpe =27.99 X 105 rad/sec). The nature of this oscillation {&
further delineated by perforining a computer expertment.

4.3 A Computer Experiment

Figure 11lrepresents & computer experiment in which sll the parameters
except the ambient densfty remained conatant. The ambient Aensity In each curve
{8 higher by & facter of 2 compared with the curve tn.medtately above it. The
points repregent 10 iteration averages add the error oa.s the fms devidtion from
this average. The observaiion potnt was tikén at approximately 16 Ay A = Debyé
length) in eadh run. The average 8nd standard deviation of thé oscilliation period,
a8 egtimdted from these plo: 1186 given. In edeh instance the observed
averaged period, T, ig 8hot* . hthe pladma period 7 = 1. 11X 164/ 1 gec),

In order to estimate the osciilation wavelength, A, the she-dimenslonal plagima
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and N

length

which equals 2%/k
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| are the number of computér electrons arid ions

respectively. Tire {8 iri inicroseconds. A denotes wave-



dispepsien relation!? is used, Although thie is derived {ar o cartesinn goomctry,
wé nasume it algo holds for the spherieal ease in the thin shiath limit.  The rela-
tion is

Wrw, 243 (KkT) K /m (3)

where
A = 2n/k, w = observed frequency, Ype = plasma frequency

(kT) = meah electron energy
m s electron mass

k = wavéhumber .

THhe respective wavelengths, ag obtained from Eq. (3), are shown on the righthand
side of Figure 11, The central values of T were used. Results imply a wavelength
oh the order of the sheath thickness (R - rp). Since the surface voltage is fixed
at +1. 0 volt ahd is close to zero at Rg, the analogy between the sheath and
resorant cavity ig Seen to be very close.

Plagma oscillationis afe Landau-daniped by the transfer of wave energy to
electrons traveling slightly below the wave phase velscity, vp = w/k. To test the
present code we artificially enhanced the High knergy tail of the Max.vellian elec-
trot distribution but retainied the condition 8£/8V ¢ 0. Under these conditions the
wave amplitude shown in Figyre 11significantly decreased indicating, as expected,
enhahced damping.

The oscillations shown in Figure 11approach the long wavelength limit,
kA <1 In that case, there is ah analytic expression” for the rate of damping.

It is

. “Pe 3 1

Y Jlﬂ,’ )3 EXP ( 5 Z.R_Z—?XD @)
where v = decdy rate (sec’ i), wp = electron plasma frequency. Whlle there is
substantial fluctuation in ~ ffotn {s sensitivity to k, the shortest decay time is
180 usec for 1t = BOD cm”3 run. This is suffictently long so that no significant
damplirg ts expected to be seén i Figure 11.

At lotig wavelengths the wave phuse velocity, Vp, ts much greater, than the
thermal electron veloeity so that there are few electrons in the resonant region.
At shorter wavelengths (kApy ~ 1) the wave phase velocity approazhes the thermal
particle velocity, The presence of many electron8 in thts velocity region rapidly
damps the plasma wave, While the above reeults imply the usefulness ofplasma
simulatior technigues In looking at collective behavior, some caution should be
noted.
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The basic problem {s that the abscrvcd oscillationy ¢an be either physically
stimulated or artifically driven by high frequency grid or computer '"rois¢' that
couples to the lower {requency plasma oscillation by aliasing, 18 1y computer
code should be sufficiently free frém noise so that observed ogeillationsg are con-
sistent with analytic crite?iz. 3 The most common technique for reducing noise is
to treat the computer particles ag havirg a finite sizel9 and to periodically
smooth the digtribution function {n both velocity and spatial coordinates. 20 These
gophiatlications should delineate the origin and nature of the oscillations.

3. SUMMARY.AND CONCLUSIONS

Agreement hag been shown between a time-dependent simulation code and
steady-state solutions to the Vlasov-Poisson equations. Transient voltage rise-
times due to photoemission were presented and Space-charge limiting effects dis-
cussed, Finally. a computer "experiment" wal pregented that showed the presence
of plasma waves. Caution is noted for possible aliasing effects.

It is concluded, based on the above results, that a simulation apprbach is a
valuable and versatile methbd for dealing with comiplex, plasma-related spase
phenomenh. In particular, additional features can be added ag building blocks
with little modification of the existing code. Care should be taken. however, in
distinguighing between computer-related and physically-related effects.
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Appendix A

In this appendix the method used to 8imulate a Maxwellian phbtbsheath is
briefly discusged. The computation time i& much shorter if the speed and direction
of the emitted particles are determined rather than the individual velocity cordapon-
ents. The probability, p, that the speéd, U, ig legs than or équal Uy is given by

’2 P P
pUSTU) = 7 f eV 24y . (A1)
o]

where U and U, are normalized to the thermal velocity, of kT/m..

One of us (GKY) has inverted Ej. A 1to give U, as a function of p over the
domain 0< p< 1. Thuis domain was divided.into six.intervals and six empirical..
approximations determined. For p . 17, the approach of Hastings 1has been
adopted.

The semiconvergent seri¢s forpasp - 17 IS

-Uy2/2 Vz 1. 1,3 _ 15
p=1l1l-¢ Uo % 1+U—2-F+I—J—6'-U~8- +... (A2)
o] o] o o
of
2, . 2 2 1
Uo --21n(1-P)+1n(U°)+1nF+1n <1+I—J—§)
(]

substituting the lead term in the second term and ignoring terms of order Ub-2

Uy~ 4y 21 (1-p)+1n [-21n (1-p)) +1n % @3)

wé have used

t=J-21n(1-p)+a1+a21h[-21n(1-p)] (A4)
and

& +ap+ap2+ap3
34 5 & 5)
l+a,p+a ‘2+a 2 '

7P * agp oP

U, =t+
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Forp - 0+, the form can be derived formally

v} ul
p=@ [—? +—59— ] : (a6)

Let

Uo =S+C3 83+ C585 (A7)

Substituting Eq. (A7) in.Eq. (A6) gives

2
p= J;[E_HC --6) +(C +c32-T3+-5._)s7+ ]

The gecond and subsequent coefficients can be set to zero by appropriate choice
of the C_ (thatis, C4 = 0.1, Cg4 o 0.0221428571, ett.)

Thus p @ ST or  S=(45m/6,13 (A8)

For p - O+, nubstitute Eq. (A8) in Eq. (A?). In some of the intermediate intervals
of p, slightly modified analytic forms provided greater a¢curacy.

Experimerits ehow that photoelectrons produted ingide the material surface
are emitted with a cosine distribution relative to the surface normal.2 A second
random number, ¢, generates the appropriate angle.

The riumbers p and g are generated by the functibn, RANF, resident on the
AFCL CDC 6600. This generates random. numbers uniformly betweenh 0 and 1,
excluding the end points, This functibn IS a multiplicative cohgruential generator.
Our uge of the random numbers is not affected by the limitations pointed but by
Marsaglia, 3 The "seed" for RANE. 5 the quasirandom bit string which is gene-
rated by the computer's real time clock.
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