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Abstract 

This paper i B  concerned With a computer prbgram liletl for Btlidiecf of the 
disturbed zone6 around bodieB in flow irlg plLslilai3, partikc'arlf Bpacecreft and 
their aegociatetl &heaths and wakes. The program solvecf a coupled Poisson- 
VlaBov system b€ nbnlinear' pdrtial-differential-integral equations to obtain di0ttri- 
bhtions of electric potential and ion and electron density about a finite-length 
cylinder in a plasma haw at arbi t rary ioh Mach numbers. w i n g  the huthbr's 
"inside-out method"6 which fdllowd ion and Blbctrbn th jee tur les  backward to their 
origin at the body durface or in the undisturbed plasxiia, together With a special 
iteration algorithm for. self-cbnslskncy, the prqpam takes intb accaurit the parti- 
cle thermal mothid with relatively few $impli€yiag assumptions. The approach is 
apppiicdble tb a lhrger range of pafameters than bther avilil.able approache8. In 
aarhple daleulationl,. bodies up to 100 Debye lengths in radius a r e  treated, that iEl, 
lereer than any previoublfi treated realistically. Applkatldris a r e  made tb in-situ 
satellite experiments. 
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The problem af theoreticEtlly calculating the structure bf the dlsttlrbed plasma 
(freqtlently rekrr ' ing to the wake and/or sheath) around a moving body in space in- 
vblves the solutiim of a complicated aystem of cbupled nahlinear ptirtial differedtial/ 
Integral equations. The equhtions canstgt bf the Vlasov (cbllidonless Boltzmann) 
eqtlationd for the ions and electrorls, and the Potssbn equatiotr relating the electr ic  
field to the distributiohd of ions and electrons. The difficulty i$ easentially 
nuknerical one be&aUse analytie lolutionB a r e  not pbslible (for caaes of interest), 
and there is no uliique apprdach. 
moving bodies (theopetical refereace6 cited by Parker  l), colnbinatiods of numeri- 
chl tehhhiques (finite differences, itgratidh. quadratures, etc. ) a re  required for 
tfeating Qaribu8 parts  bf the problem. Fbli either Statibnary br moving bbdies, 
the chdicel of technique6 &nnd their dse to achi6W cohsistent solutians for  any 
given set of physical parameters (defining body and pla6ma) have never been 
bbviods. Innbqatidhg are frequently required. f i e  purpose of this paper is to 
present B technique stbitable foi' a pillbox-LIhkped body (UJith empH3siS Oh the 
t a k e ) ,  which appears tb be reasohably successful over a large range bf the physi- 
cal parametef's, and t6 present $ample Solution8 ificluding applichtion8 tb in-litu 
spacecrd t  data. The pillbox problem is illugtrhted Bcheinatieally id F i G r e  1. 

In cases of Itatibnary a8 we l l  as 
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I 1 I r- 
Various 6ppfOaEhes whlch have been uBed fof this type uf prableni are  s u i -  

matized by Parker. ' In all  aWh cBlcUlatiohs, stmplifyin& assumptions arc made. 
The customary ones are: 

fcalible for the wake problem). 
(1) Colltsions negligible (but extendads 6f Erarkerls tollisional the01.4~ may be 

(2) Geomagnetic field negligible. 
(3) Simplified geometry (use bf varidUB type& of syrhmeti-iesl. 
(4) Simplified $upface reaction8 (ueually, chilrged particle$ a r e  neutialized). 
(5) Prescribed lurface cmilSiOn (tisually none, but Lsimplified phbtoelectmi, 

(6) Cohducting body (usuhlly perfectly cbaducting, but finite cotldrlhtivitiee 

0) Steady etate. 
These asSumptidnS may be questioned (for example the neglect of time- 

depentlent phenomena), but they niay be at least partially relaxed by c?mploying 
known techhiquM to generalize the halculktions. In tho interest of achieving 
reasbinably ecobomical cdculiitions Jvithin the limits of' available computers. the 
above 8SgumptionB in their uhuhl farm a r e  adupti?d i n  the present wark. 

oped to solve the Cbupkd Poisson-V1asov system of equations to obtaid distribu- 
tions of ion and electron density, and potential, about three-dimensional bodies 
(with axial symmetry about the direction of plasma fiow). The method involves the 
Use of a numerical grid or mesh of diserete points in space, wi th  the potential and 
density distributibas defined at these points. The Poisson and Vladov equations are 
repieeent@d in finite-difference fbrm at  the grid paint$. A sample of duch a die- 
cretizatlan ifi r - L  space i$ Bhown iri Figure 2. Here the paiiltl represent circular 
rings about thn &-axis. Asbbclated with each pbint is a vblume, ih the form of a 
cylinder for point& alofig the axis, ahd in the tor* of a ta+'\l& bf rectangular cross-  
leetibn fbr all ether pbints. 

For the ptllbbx problem of Fimre 1, the grid uded has the form dttown in 
Figure 3. The spacecraft surface is shown by a heavy outline in the ihterlor of the 
grid. The surface of the pillbog coinctderl with certain rows and eolumtihi 6f grid 
pbintg a8 shown. Here, the grid points a t e  uilequally spaced, so that a higher 
density of point$ can be ueed hear the spacecraft Ibrface add a lbwer deiisity 
hirthPr away. Thh allows a giveri mniber of grid points to be ukied efficiently. 
The ptitcihtiais at  points on the Eiurfabe can vary arbitrarily; the pdtentlal dtstrlbu- 
ttotl shown corresponds tb one part  df the stirrack being at oire potehttal (the 
"probe") whik the remainder I6 at  anothei.potentta1. I'he surface can cdhsiet of 
p6rtionb with arbitrarily aesigtied conductivity and ehisstrsn characterlsttcs. The 
acttiaf diiinljef of grid pblnts used Was of the order  of hundreds, rathPr than tens 

backseat tered -electPori, and secondary-eket ran emiss ibn are includable) .. 
a r e  includable). 

1 The terhniqued arid cofmuter pragrhrri described by Parker  have been devel- 
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Figtire 2. Discretizatioh in r.2 Space 

ail illustrated. 
bf tbrbidal volUmeS a& in Figuke 2. At the outer bbunllbry of the grid, one must 
repredent numerically the bobndary condition at infhity, namely, gueh that the 
pbtential vani8h and the vtelbcity distribution be the unperwrbgd one. 'his boundary 
must be sufficiently far but to represedt the outer conditioh accurately. It turns 
out to be mbre efficient to Use a ''floating" rather than a "fbted" conditicili bn the 
petential (Section 3). 

While the present problem ia axially s w m e t r i c ,  it C&n be generalized tt) three 
dimension6 a8 fblloWB. The grid in Figure 3 coneibte of points Ln r - e  space, and 
the assbkiated volumes are tori. The $eneralieation would CotllJlst bf includhg the 
azimuthal vlriation by adding an aiitnuthal angle 8 ta the Cbordinate Bystem. The 
diabret izathi  in d Wbuld CdnsiBt of hhving number of azimuthal planes in I' add e. 
each labeled by a gtVen value df 8 .  Thud, fdr  example, the r-p. frlarie of F'igure 3 
would be characterieed by a &en value of 8. The volumes UslbCiktesl With the grid 
points wduld then be pie-shaped. 

flukes and densittea ($olvin& the "Vlaebv prbbiem"), developed By the author6 tti 
1d64, wi l l  be diecMsedi with :i?fdrence tb the @id of pigurki 3. In tlih method 
the ion and electron trbajectbrie8 a r e  follbw6d tsechcrftl ln time, from the point in 
E P & C ~  at whteh It id  desired td Mow the velucity distribution; to the eource uf the 

The shaded areas  surrounding gtid points &re the cro88-8ectionk 

In the hekt debtidti (Sectiiln 2)  the "in6[ide-btlt1' method for evafuattrig particle 
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Figure 3. Difference Equation Gritl 

partieles in the undisturbed plabma or  at  the BuPfaee, wheie the! diBtributibnl9 are 
knbwn. Figure 4, referred tb again hi the nekt lection. LlludtrateB ilchematically 
Ho$ a trajectory is traced backwhrd ff6m any point P and is found either tb reach 
the b&dy Btirfac(! 61: "infinity" at the boundary bf the grid. (Thy! point P 18 oeualiy 
but not neccbsarilp on9 bf the spatial grid fibihti5; it can alga be EL surface polfit. 1 
The "delta-factor" d . ira a cutoff functibtl, and i, j, and k a re  indices adsociated 
with one of the: traj6ctcrrtes used tb evaluate density or flux as disculitjkd in the 
riejit eectibn. "he case illtistrated ig for contributions frdm the ambient p las i i i ;  
tor contributicihs fr6it-i the surface, the values of 8 (iter6 and uriityl a r e  interchanged. 

i j  k 
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Evaluation Of 6 f jk  for ( i , j ,k ) - th  ttajeetdry by foollawing (reversible) 

t ta jectbr ies backwilrd in  t h .  

Figwe 4. Basis of the Inaide-Out . ." .. Method 

F'igure 5 i l lustratel the fbur possible tJlpes of trajeCtoPi8s which dari contribute 
to the particle density at a point. Theee a re  Types 1, 2, 3, and 4, eo-named by 
Parker4 and defined 8.4 foll6Ws: 
Type 1 

to infinity. 
Type 2 

mininhum distance from the body surface, and e6 6 U t  a g & h  
Type 3 

position at t n w h u m  distance from the bddy BUr'face, and cdine in &gain. 

- 
One-way trkjjectoriet3, going frotn iriknitp to the surface, o t  from the surface 

- 
Two-way trajecto;ries ftom tnfitiity, whieh came in, pass thraugh a position at 

h 6 - 1 L y  tttijeetaries from the body surfaCe, Which go out, pass thfough a 

Type 4 
Cloled or  ne&fly-clbded trajectaties whieh arbit about the body indefinitely. 

Ttieee can ody  be #apul&ted and depopulated by chllieionb, whlch a r e  nekiected in 
the: preaeat wark. An analysis of 4 the effect8 of col!.t&ions an 'fypd-4 trajectdrtes 
has  been pedorined by Parkgr. 
It ahadd be ri6te.d thelt codtrtbiitions to surftiice flOiee can be cbmpri@Bd odiy of 
Type- 1-and Type-$ tFajectoriBsi white all four tspeil coittribute to $pp cd charge. 
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Figure 5. Types bf Orbits 

In Section 3 [?e "Pbisrson Problem" is discugsed, where the electric field 
(patentla1 digtributibn) i l  camputed wi th  the im and electron densities considered 
kn6wn.. On the o&er hand, the "vlasatr Pcoblem" (Section 2)  invbives compbtation 
of the ion and electron den8itiei with the field considered known. fience, since 
neither the fleld nbf the pafticle densitters are known initially, the Poisarrn and 
VlaCSav prablems rhuet be lolved simulteneoully. 

An iteration method may be used for computing Be1f;cohdisterit charged- 
particle and pbtentkl distributibns. mts is herein referred tb a s  the! "Poisson- 
Vlasoti itetation. " 1\Wb principal optians are employed for thts prscedure in the 
present prografn. In owe af the optioris, the "charge-density" optionr the Space 
charge i b  initially and arbitrarily asiiumed to be zero. For this case, one obtatns 
the Laplace (space-charge-lesd electric field ffdm the Poi98on problem. "hi6 is 
the I'zeru-order" potefltiai distributiuti, which becomes lnput to the .Vlasov problem. 
The Fesrilttng solution of the Vlarfcsv problem y idds  the ton and electrcsh densitles 
at the grid points, which are combined ta me!.;: "zero-order" chatge denstttes. 
"heed become input t6 th@ next PoiLisbn probleh. which then yields the "fii-et-order" 
poteritiaib, and so on. In this procedure ohe usbally "mtfes" successive charge- 
detisitp iterates to improve stability; otherwise, the process can "blow up. " One 
can aisd mljt potential i terates rather than densities if desired. The dependence 
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of the stabtitty and convergenee Of the BboVe prbcedrrre bn the mtking parPnleteP 
have been stwiled analytkally by Pakker? and Parker  and SuiliVan. 
analybtb af thtb type has been published tb the authoft8 kk-ibwietlge, 1 This (ellarge- 
deneity) aption i& most effective when the 8patiB1 region bf interest is n6t t&b many 
bebye length& &cross. The anfalysid &how& that bhe can (probably always) choose a 
llrixiiig parameter sufficiently small to eneure cbnvergehee, but at the expense of 
additional iteratiahs. 

i b  assumed initially. Initial guemes which can be employed ihclwle (1) t e r o  ioh 
density everywhere, (2) unit ion density (the ambient value) everywhere, and (3)  the 
neutral ion density which obtains when there a re  no force&. Whithever choiee is 

Now if one 
can assume the electron dandity to be given by the Bbltzmann faCtor exp(t$), thus 
auoiding trajectory calculatibna for the electrons arid affording computer ecoabmy. 
the Poisson equation may be solved, holding the ion densities fi%ed, b t t  regarding 
both the potentialb: and the electron densities at the grid points a l  unknowns. This 
is a nonlinear pr6bletn, which i& solvable by a modificatibn bf the relaxatibn pro- 
cedure used for the "charge-density" option. The new procedure is an important 
advhnce sinre the iteration is not a s  ben8ltive (tending to blbW Up) fbr staall Debye 
nlltnbers ab in the eharge density optibn. Thus, very large bodies (in milltiples 
of the Debye lengtu can be treated. This has been the method dBed tb obtain the - 
large-body results shbwn below. 
Fburnier, lo but these wbrkers have nbt treated la rge  bodies. 

The BsButnptibri that the electron denlity is given by the Boltrctt" faetor 
becomes inealid when the body surface potential is near tero ,  o r  when there is a 
potbntial bar r ie r  or "well" in the wake Buch that the wake pbtentials are mbre riegh- 
t h e  than the lurface potential (causing electrons to be attracted to the surfpee 
rather than repelled frbm it). In this case it i B  sti l l  posbible! to use the i6n-denBity 
option, with its large-bbdf capability, provided that, withih each "major" iteratibn 
cyCle B "minar" iteration ie c & r r k d  out With the loti densities held fWed such that 
the electrdn densities a r e  cbmputed realidtically by trajectbry calculatiotls, at 
least for pbihts: near the Burface. 

"hie latter technique is a& yet in an expefimenteil stage, but i t  beeme promi&- 
ing in that it may produce solutions with reaeonable cobte fbr large-body p r b b l e m ;  
in such pt'oblems. the conventibnal Pokison-Vlasov iteration based on the chHrge- 
density option become& ewensive. ' A disadvantage of the tan-density option, 
however, i6 that t tb COhVergenCe propertieb m e  not understbod; therefore, it6 costs 
a re  dtfficullt to predict. This is in conti-ast to the ctse bf the ckiaFg&-dddsity 6ptlon 
where an analysis is avatlable. 

(No other 

h the other dption, the "ion-denaity option, I' the ion density diatriblrtion alone 

made for the initial guess io designated the ''zero-order'' ion density. . .. 

9 Similar ideas have been used by Call and 
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B & b r e  cotMderLng fiirthekdetaiis, we make here some genepal remarks cbn- 

Bkiefly, the preseht approach1 diffSrd from thbse of Call9 ah8 Martinl l  by 
cerhihg the meth4d. Follbwing this,  the priihcipal resu3ts d l  be sukrmartzed. 

including both the ion and the eiectrdn thermal motbns, whereas c a l l  and Martin 
1 represent the distPibdtion of io'& by a cold beam and uee an 'IoutBidb-ihl' method. 

The approach differs frotxl that of 'l%iylor" La that (1) it is applied ti3 thtee-dimeh- 
siohal bodits wther *as Taylor ti-eats an i i h i t e l p - b h g  "thick Bt r@" of redtahgular 
crds&bectfdh, and (2; the Poisson and Vltls6tr Caicuiations are cycled tinti1 Self. 
c6nsfetehCy is achieved, whereas Taylor's calCU1Btion irs not Belf- consistent betause 
i t  ts tertninafed gfter the first cycle. The approach differs &om that of GraboWgki 
and FiBcher13 bscauee they (1) assQme that quasineutrality hold8 eve rwhere  (an 
ihvalid asauinption in the very neat' wake - Bee below and Section $1, and (2) apply 
their method to an infinitely-long cylinder. MEferences with other methods are 
otitlihed in Parker.  ' ' h e  most similar calculatidn pPeviou8ly done Was for an 
iklfinitely-lmg cJtlihder by Fournier, lo using the imide-out method. The presedt 
adthor has used the Method fop two-electrode rocket-borne ahd laboratbry probe 
systems, 
moat reCehtly fdz' the problem of the pillbox-shhpeped BpBcetraft. ' "he ingide-out 
method wae a l B 6  uMd by Parker  and Whipplel4 for the thedry df a satellite flu& 
mounted prbbe. 

Two major Bdvances a r e  represented by the present program, as ojrpbsed to 
pPeviousapproa&!hes, p?Articulaily with regard to wakes of three-dimensional 
bodieg: 

(1) Thermal motion8 of ions as Well ti6 of electrons are treated re&listic&lly 
by following their trajectoPie8 in the electric field. (The ion and eleetrbn tempera- 
tures can be different. ) 

(21 The technique for  achieving self-considtenby i b  proikisilig fdt' lgr&e badies 
many orders-of-maghitude larger  then the Debye length (the Shuttle-Orbiter o r  the 
mbon, for extunple). 

jUdicious chdices of grid points and other numertcll parameters. The method ccin 
be extentled to include an arbitrarily-shaped body (pre y a body of revolutibn), 
electron e f ihs tbn  from the burface, and differentiu CharCfitig when the surface 
consistg bf 8eCtions with different cbnducthity. 

In Sectionlil 2 and 3 some detail8 of the techniques for the flux and dens'ity 
calculation f iV iahv  firoblem"), aiid for' the Poisbbn caicrlldtion, are treated. 

Sample calctrlationel febuits' are preseritets in Sectibnb 4 and 5. 

7 

fcr the problem of a small pt'bbe in the sheath of a large electrbde, atid 

solutions may be obtained Wth reasonable amount8 bP Cbmputer time by 
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1.1 Summary of Priaclpd N t w l l s  

The p r h c i p d r e s U t s  ape as folkows. In-situ experimentl alrsociated with tb 
Ariel 1 8ru1 lhp lo re r  3 1 satellite8 We modekd by B pillbox geametry. The Ariel L- 
experiment obseMteO iiiBtlnct Wake structures aS8ociated With he main body and a 

small  external bn probe. Transvdrlre pkofiles trE electron current ace meaauked 
at 5 main-body radii d o W t s e a m .  The hhui wake structuree a r e  similar in b t  
they both sh6W a below-ambient cetrtrsl ctxe br p e a  within a depkted-region df the 
orde t  of the width of the t n a k  body. The theoretical results €ok the aasurned values 
of the parameters aorsrociated W U t i  the experPtnent bhow nb well-defined central  core. 
They further s h m  that all. structure dies away beyond 6 oP 8 radii. downstream. 
A pmnouriced electi-ical.focusing 01 ions itr the wake of the highly-negative ion probe 
is predicted by the c&lculation, but this disturbance is confined to the relatively 
dear xake and dbes not persist  do*hetream. "he filling of the wake in both case8 
by the plasma suggests &fluid-like bUk motion of the plaskna. A s  one motre6 down- 
Btream W i t h  the plasma, the motbon is at first radially inward. This i b  folkwed by 

the distrtrbance becotnes weak and dies away. 
'Mo Explorer 3 1  cases &re cotnpiited for differeht values of the ibn Mach 

ndmljer (the other parameters reniatning roughly compkraljle), and in bath caBes 
the body iataeveral k f  riegativk. In  the case of the larger  MacUum'.er  (3.4), the 
ion dehsity ih the near wake is below the toirrespdnding electron density, ahd both 
a r e  sigrsificahtiy belbw €imbi&nt. 'his is toheistent wi th  the traditional picture of 
wake structures W i t h  16n Mach numbers significhntty above unity. In the ca8e of 
the lower' Mdeh ndmber (1. 1) the ion density in the near wake is above the correb- 
ponding electron density, and moreover the ibh demity is roughly Btnbient. This 
Utter may Beem unexpected, but is iidderstandable oh the basis bf Langmuirqkobe 
sheath theirry: In the sheath of B #16wly-m6iting fiegative probe the ion denslty 
should predominate over the electrah deheity. This latter result 16 new in wake 
thebry, and ar ises  because loW-Machmunber wakes with apace charge hiave not 
been previously rigOPbUEly computed. 

the resultrs show that quasineutrality is vUid outside of a cone-shhped region in the 
very near wake, and is invalid within this region. Other featuree of the large-body 
wake structure indlude (1) a pdtmtial we l l  in the ne& wake, and (2) a central core 
of approrlmately iunbietrt density of beth ions and electronE. "hie latter feature 
seem6 slmtlar to that observed in the Ariel 1 experiment. 

a pile-up and a sihgie 'lbo&Ce'l &er which the motion iBor i t \n rp i 'A  &m iiuahmisly, 

For the wake of a large bddy (100 Debye lengths in radius) in the form bf R diak. 
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There is m w e  than ofie approach W the problem o f  calculathg sheath and W&ke 
structures. f ieae  approachel have Pn cdtnhon tke foUWkig element@. ' h e  qubnti- 
ties to Be cbmpUted include (1) the potential tlistributibn, and (2) the i6n and electrdn 
density distributionti. One may also iinclude the associated Burface current dcnsi- 
ties. The equations to be solved Bimultant?ouisl~f are (1) the VlaBov eguation for ion$, 
(2) the Uksov eqbation for electron@, and (3) t u  Poissdn equatioh. The solUtibns 
of the Vlhsov equation9 (velocity-distributbn hn&iond  a re  d&ed to compute number 
densities (and Burface euprent densities). The numbecLdedty di8ttibUtions become 
input to the (right-hand side of the) Poisson equatioh \khiCh yields the potential 
distribution. Fihally, an iterative prdcedure is used for self- conBidt&ncy, wherein 
the density and potential dirtributimP ape suixessively cycled until satisfactory 
convergence has bee& achieved. 

The steady-stat& Vlasov eqhationo fop ions hnd electrons 8tBte that the velocity 
distpibution funktione remain cdhstant along particle trajectories. With the electric 
field aslumed given (nunierically in terms bf a spatial grid about the body), Bolving 
the VlaaM equatihnl means formally that one detePmineB, from the shapes of  the 
trajectbries, the ion and electron velbbity distributibns at the grid points. The tra- 
jectokhs r e h e  local veldcities at a given grid poht  to those at infinity o r  the s u r -  
face. Through these relatiohships, the ion o r  e1ettrtrt.l nimber aensity at the poifit 
may be evaluat8d by B vglocity-integral over the local velocity distribution. Sim- 
ilarly, the current density may be evaluated at desired locations (usually the bbdy 
surface). 

It is convenient to classify varibus thebretical lpproaehes on the bastis of how 
they' treat the trajectory part of the Vlasov problerh. Ah "inside-but" method B1- 
lows the trajectories backward in time to their sburce, whlle an "outside-in" method 
folltwv the trajectories forward, in the direction of phygical m o t h  bf the particles. 
(Ih an outside-in wethbd, the vdbcity-dLstriMution function is not calculated; rather, 
the dehsity i s  evaluated directly. 1 There &re in addition other (less f.ealisttc) 
methoas initolvihg appfoxtmht~on8 whefe trajectoried are not followed at  all. The 
three types of approhehe8 afe discussed in Pafker.  ' There e r t s t s  as yet no 
systemattc coinpkrison of the result6 of the val'ibus tapproaches with one another. 

meters  of interest: 

Plasma PcirPlileters 

For the p'urp6se8 of discussing the iinsldc-out method, We defiine \rer'e the para- 

= uriperbrbed number deirsity at  inilnity 

tewperatures j 

0 
n 

T,, Te = tirn, electrBA temperafilrea (= T for &qual ibn and Plectr6ri 

mi = ion mass (electron mass not requlredj 

I 

I 
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A = electron Debye length -D 
Body Paratrreters 

= chatacteri8tlC dtinetlstoh Bo 
= relatPve vdloditJt 6f body and plasma '6 
= body potential 

&O 

40 = e(Pb/kT, = dimensiotrless body potential 

L-= voq- = ion Mach himber (electron Mach numbet BsSUthed 

XD 
negligible) 

= lSg/Ro = Debge number 

Hencebtth, all lengths are to be coinsidered normalized by Bo. 
denote the dimensionless Debye number. We also consider here the Case of equal 
temperatures. Patehtials are normaliaed by kT/e, so that 
sionlees potential at the spatial poiht G. Number densitiee are normalized by no, 
86 that n ( f )  denotes the dimeWiohless denaity at ;. In the calculations involving 
integrations over velocities, 3 w i l l  denote a velocity normalized by the value of 7 2kT/m aseotiated with the partitles of interest. Similarly, E w i l l  denote total 
energy normalieed by kT. VellrEity-dutribution fuhctions (denated by f )  wi l l  be 
normalized by no. F o r  a @*en 
physical parameters of interest. n m e l y ,  AD, bo, and lbl. 
ture@. the temperature r P t b  Ti/Te represents &n additional parameter. ) 

The electric field is assumed to be knowri. In dtdet  to CbMputb the rrulnber density 
n(;) a t  the point 3. one mult  evaluate the triple integral bver velocity spate: 

Thug, xD w i l l  

denotee the dimen- 

geometky, there are three dimensibillede 
( h f  unequal tempera- 

eonsider a single species bf (charged) particle, that is, ion& or electtbna. 

- -  
*here f(r, v 1 is the dhtkibUttati futictiori which eatilsftes the Boltemani! equatbn 
far the gtven epecieh bf particle, 
and 3 is the l o c d  Jelocity bf a particle at r'. The velocity-vdume element LB 
Written asl if cartesitin cciordinates Were bdhg Ulred, but the product dv dJ .dv2 ts 
intehded to Byinboliee an arbi t rary coordinate sybtem. Simtlerlg, tn order  to 
compute the collected flux at points on the Burface of a bbdy, one mulilt evaluate at  
each point ti triple irrtegrel over uelbctty space bf the fbrni 

is the radiul veCtar of the Bpace pbtnt 6f interest, 

X Y  
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Waett. v,, b the component of the pa r t i de  ireleeity m r m a l  to the surface at the 
p d h t  'E. 

The prableirr is thus tb evaluate f. since the groblerfib 6f ihtereet a t e  adi3Utned 

tu be colkiibnlesl ahd tdnCStant in time, the disttibution function f satiefies the 
Bteady- Btate VlaBo3 (or eollisionless Baltzmailif) equation, namely, 

Where 5 iC,  the veetor acceleration of a particle passing With ueloctty ? through 
the point 2. The gradient operators and vv operate on the Components of ?and 
of 3, respectively. Equatidn (3) states that f is constant along a particle orbit, 
which is characterized by the cohstants of hxiaot ion.  Ih a general elettrostatic 
field (here assumed given) whosC source$ a r e  3olume and Stirface chhPgeB, the 
total energy E if4 consei-ved, where the ditnehsionlesl E is defined-by 

and d(;) il  the dimeribionleSs pbtential energy af the particle at  G. 

and 12) by fbllbwhg bPbits backward in time with tP&jeCtory cLlcUlations to a pbint 
where f i B  known. For kxahlple, in the case bf a body immersed in a plasma, f 
is assumed to be known at infinity (where ib vanbhee), and i B  Usutned have at  
infinity a pPesCribed energy disttibutibn, suCh 88 a ~hxutHielliPri With drift. or a 
more general diltributlon. Also, f is &.ltsumed to be h i w n  on the surface@ bf the 
&pacecraft. If a surface omit6 paPticlebl. ite distribution function tnuBt be pree- 
cribed. If the surface abgorbs without reemitting charged particles, the diiiltriljution 
fuudction (of emitted phrticles) is prestribed to be zero. Thus, f is dileontinuous 
in velocity space. That i@, the phy8itally-possible velocity Bpate (at the p 6 h t  T 1 
ie diirided into three domains, nAmely. the domain of ofbits Nhich have b6me ti, f 
froin infinity, the tbmain af orbit& Which have come to ? fram the spacecraft Bur; 
faces, and the domain of ti'apped orbits (asswiied to be unoccupied). The shape$ of 
the btbuhdafes between the domains depend, of bourse, on the geometry and the 
potential fu'ndtion 6, &nil it is the heart of the problem (1) td detepxxiirie the bounda- 
ries of the domaina bf orbits, arid (2) to evaluate the integrals 8qe. (1) and (2) over 
those domain@ of velocity dppiree. 

In pfaietice, one need not ln general determine: explibltly the boundiiry of a 
domirin In velutlty spa&. Rirther, one may follow a larQe number of orbits back- 
ward in time konipiitltionallji). and evaluate the moment Integralsi Eqs. (11 and 
(21, automatiblly from the results df the: orbit-followirig. It may, hdwever, urider 
same cfrclimltlntes be more accurate m d  e f h i e n t  to determine thts b6liridary. Po 
dd $0 would comfilitate the Mmputer pr6grkhmIng. 

With  a kntmh fii'nctioi.1 of ;, one may e\ialwte the integrals in bije. (1) 
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F6c a M8xWellibn distribUti6n flowing ddng  the z-direction wttk Mach number 
M, the ditnen8iohhH uelocity-dietrlbUtidh fufiction bt infinity may be wfttted: 

(5) 

(velocities in wits of d m  , 

w = ajtial component of velocity) 

2 2  

2- 

where vao = v + Qi may be identified with the total energy E, and tt ZbO 
t imes the cosine-of the ahgle between Tm atld the axis. A siniilar Maxwellian 
distribution may also be wed to represent Partidles emitted from the surface. The 
moment integral (1) foe number density may be approximated by a quldkature lgum 
as follows: 

w i t h 6  

(6 I 

Where dQ; is a 8hort-hahd notation for the elemeht dvxd\f dV ahrl 6 is a cut6ff Y 2' 
(or step) function, equal to uhity or zero, depending on (1) whether the trajectory 
i8 found to come from infinity br the bddy surface. and (2) whether n represents 
the density contributed by particle8 from infinity or from the surface. In the ~ u m ,  
the three i d e e s  refer ti, discrete values bf three Cbmponente of velocity, where 
the values are chbsen in atcord wi th  a quadrature scheme (Gauhsian), and the 
coefficients A 
term in the stim represents an indWidua1 trajectory. A similar gum i B  obtairied 
fdk the flux. 

a r e  proportiahal to the a s s tda t ed  weights and other factor&. dach 19 k 

In order  to evaluate Eq. (6) for the denaity, or the corfespondtng eqihtion for 
the flux, we trafi8fom to energy e) and ahgle (a, 8) variables in velocity sphee. 
We define u ilnd j3 by: 

b = p d a r  angle With respect to z-axis 
/l = azilnuthhl angle with respect to the plane contaihlng the z-axis and the 

point ;. 
The angles a and P which tiefine the orientation of the iieludty-uectbr T ( t v h i l e p  
defines ita ma&nituae) We illudtrated in Figure 6. 

transformed to the following form sultable far Ciausstan Quadratures: 

It is shown by Parker 1 '  that the: 1flte:grals for both the density Eind flu can be 
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Figure 6. Angle Variable@ in Velbcity Space 

~ ( a ,  b, C) . 6 (a, b, c) de db dc I =~111~11 
Here, the range& of a, 8, hnd fi: hatie been tr&iBfbrmed tb the interVri.1 (- 1.1) through 
the u$e o€ tiew 3ariableEi a, b, and c. In terms of theee latter variable@, ti, P ,  and 
E..&& &en bgr 
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where the renge o fu  i s  from 0 to T fbr denstty !and from 0 to n/Z  for nux; the range 
of B ts f tum 0 tb w; and the range of E Is from brs to infipity, where I $ ~  denotes tHc 
potential of the 86urce (inftnlty br the burfate). 

The4efinttton of T in the integrand of Eq. 0) is aB fdllbw8: 

- for densky 

7 Ibrflux 

- U(a, b, c) .. Wa, b, -t e 
(i  - Cl2 

where U(a, b, C) ie given by 

Wa, b, c) = - Cb, + E(c) + M2 + 2 M G  c o e ~ r ~  (a, b, C)  

(11) 

(121 

with aOa denotirig the Value of the polar angle bf the velocity-vector at infinity, 
which depend8 on the lbcal value8 of b, p, and E (through a, b, add c). The product 

p* 
intervals, the b-dbmain intb Mb equal subinterbls ,  and the &-domain tnto Me 
equal Bubthtervals, and then tb use Gaumian quadrature& of order 2 in each 
subinterval. This k a d a  to a Bum of the follawing form: 

in Eq, (12) is identical to the quantity vtoo in Eq. (5). 

NOW it is convenient f6r flexibility to divide the a-domain into Ma equal sub- 

where 
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Phaalls., the form of Eq. (fi) niQy be obtBtnec3 frbth Eqs. (13) and (14) by 
w r t ttng 

where 

ai = a' 

bj = b' 

w i t h  i = Ja + 2 (Ka - 11 

with j = Jb + 2 (Ka - 11 

ck 7 C' with k t J, + 2 (Ke - 1) 

e I "2M, j = 2 M  K = 2 M  b 

The BUM of Eq. (15) consists of 8 MaMbMe terms, each bf which represents a 
trajectory, followed backward from the point of intereat. f i e  cutoff function 
6(a b e,) i14 eerd o r  unity, depending upon the trajectbry defined by the ihdifes 
1, j, and k charkcterizing the initial veloeity cbmponents. The case illustrated in 
Figure 4 is fbr cbntribbtibns from the anibient plasma; f b r  cbnkribbtions trbm the 
surf$ee, 6 
body surface, respectively. 

The computed rebults tb be presented later  are baaed on the assumption of 
no surface emisbion. 

The method of computatibn of brbits involves integration of the equations bf 
motion, with the fbrces given by the cbmponents bf the gradients of potential. These 
components a r e  obtahed by interpolatibn bktween Values of patential defined at the 
point6 of the grid, say of BLgure 3, a8 desCPibed in Parker.  
'leacape'' or "ab6orption" of an orbit (that is, evalllatibn of 6 )  depends on the 
gedmstry of the problem a d  bf the grid. The equatiofid of motitin a r e  tntegrated 
atep-by-step until the orbit either pasBes out of the outer traundary of the grid 
("escapes") or return8 tb the spacecraft surface (is "absorbed",. f i e  orbit cotnpu- 
tation time-step is not of physical impbftanco in thehe time- independent prbblemh 
where only the shapc! of the orbit matters. The time-etep is kept ab large as  
possible conelstetit With maintaining the energy lass or getn within desired limits. 
The method af integrating the eqUatiarrs of motlbn, thC interpolatidn method to find 
the forces, ahd the control of step size, a r e  discuEised td Parker.  

An imp@rtant cangtderatton Le the accui-acy of the quadrature- sum. Naturally, 
the accuracy is related to the number of te rms  used, that is, the number of orbtte 
where each term corresponds b a uhtt(be orbtt. In a test of the energy quadrature 
alone, and W t t h  M = 0, the utiperturbed velue of densttg (unttyJ was computed for 

i' j' 

is zero o r  unity accoi-ditig a s  the trajectory reaches infinity o r  the 
iik 

The criterion fop 
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va1'iies 6f Ma 1, 2, 4 ,  8, lis, and 32, The eorrespbddL& numerkal e f to re  wepe 

- 6  gofcent, -7 petcent, +1.5 pefci .A, -0.65 per'hetrt, +O. 013 percent, and +6.003 
per&ent. Thts test was iddependent of gebmetry (the o and p integritione were 
nQnMrkally Bxact). Thus, Me = 4 (8 381'ue.e of E) is taken ta represent sufftctedt 
aCCriracy (within a few perhent) for the pUrp66eB bf computidg derletty :of a 
~tofwelltan dbtributton without dkift (ar, for electrons). Fo r  large Mach nufrlbef! 
(fvr) the accuracy of the Bbove udmbdified quadrature is diminibhed. Modiflcatton 
for ImpPoving the abcucacy at large M by Luitatlly weightifig the tritegrand In the 
domhine of importance are given in Parker.  1 

In the preeent problem the eleetroetatic field i g  axially symmetric and is 
defihed on a me$h of spatial grid p6ints. such that at any point (including grid 
points) the potential and electric field can be obtained by interpolation. 

Assbme that the @pace charge density is b6Wn at the grid points. Consider a 
grodp df interior grid paints, forming a portioh of the bverall grid a8 shbwn in 
Ftgure 7. In this figure, the vertical and horizohthl ClirectionB are the 2 arid r 
ditektionb, respebtively, where e and P det'lote the cylindrihal axial ahd cyUndric&l 
radial cbbrdintites, respe&tively. Three hbrizbntal grid lines, of constant z-value8 
zi-l,  zl, and z ~ + ~ ,  and three vertical grid liaee, of cbiistant r4dues rj-l, r j ,  and 
r.+l, are Shawn in the figure. (Note that the index (i) of e iHePeasos ae z decreagel. 1 
"he se t  of grid linea intersect at 9 grid pdihts, o r  node& a s  Bhown. Each point 
may be cbnddered to be adeocihted with a volume 6f epBCe, and to have a group of 
fbur neighboring poiate which "interact" with it. Thriis, coneider the central paint 
of the group, labeled C in the figure, akhikh niay be idedttfied with one of the grid 
paints in Figure 3. ABBociated with thio point 18 a Volunic! of revolution (a torus) 
whole WoBg-sehtion 16 rectangular and is shown by the reManfilar &haded area 
surrounding Poiht C. The ahaded area it3 deflwd by connecting the midpoint$ of 
thc euri-ounding nie&h rectangles. Let t den& the v&lume of the tofull, and let 
the ndghbbririg pointl (above, below, to the right of, add to the left of C) be 
ltibeled N, S, E and W (nbrth, a6uth, east an8 wefdt, rMpectivdy). 

bet the Puleairn equation be wdtteh ifi dimensionlea8 fbrm e& 

@here ne, 4, hD, 4 and p denbte the dherrlloloBeeil BlectPbn denllity, 14n denblty, 
Debpe irwber, electroetattc potential and space- chBFgiB density, respecttvely, and 
all hn&thl, are id uriltb of fht! body radius. 
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Figure 1. Group of Itlkeribr Grid Pbints in r - L  Grid 

The grid lines may be conaidered tb be arbitrarily chopen so thht the mesh 
intervals a re  nonuniform. In this cade the Poissbn difference aquations may be 
obtained by integrating Eq. (lit) over the volume 7 of the tarua asbociated with 
Po tnt C : 

Whete pi= is known at the $rid potnt C. 'lihe right-hand aide baa been approxtmated 
as shbwn eit iW 7 ia small in principle, and pc 58 the value bf p at Pdint c.  By the 
dtvergence theorem,. the left-hdnd side bec4rhes 

c 

T - m T 
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where E denbteb the aufftiet! &f the tar.riB; 84/h is the cdmponent of v 4  in the 
autwerd normal dirpetton at the supfabe; AN, Ag, AE, arid A, derlbte the area8 bf 
the hbrth, sibuth, east, and werirt BuCfaces, respecthely; and the quafititieb 

dendte value8 trf adfan takell tb be cohetafit on the eorrespbndtdg 
eurfacea. 

, $, D , W 

d, E, W may be apprdximated by difference quotient&, namely, 

where ib denotes the potential at Point C and 4,. &J, $E, 4w denote the neighboring 
potentirtla. If Point C i b  an interior grid poiht, the areab AN, AS, A E ,  and A w  
are g iwn by 

andthe volume T iir 
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T h i B  Shtrws how to forn; the diffefence equationb uBed fbr the Pbl~sofi pf'oblenl8 of 
this papei.. Equatton ($4) hold8 only fdr an "interior"' pbidt of the grid, that is, a 
I)diht Burrolltided by neigtlbbrs dn all fdUP side& If Point Ha$ $ khbwn neighbor- 
ing potential (fdr cxatnple, if Point C is adjacerit to the sphcecraft Burface), then 
the cofreaponding terrfi on the left-hand side of Ea. (23) is trlnbferred to the 
right-hand Bide a& known quantity. 

The boundtiry CbnditioAs for the pbtmtitilb in the Poissbn problem a re  a s  
fbllbW8. A t  paints reprebenting the body surlace, the normali2ed potedtialb a r e  
f h e d  at the choeen tralues. A t  the exterm1 boundary) paints of the gpid, where 
%firiity" i B  represented on the computet', a 'lflbatingl' cbnditibn is optionally used, 
namely, 3 linear relatibn between d and &$/an, the normal camponent of v4. The 
exact relation of 6 Ib ad/an i d  nbt importaat when the external bauhdary 6f the grid 
i d  suf€ieiently kr away. (For the cqlculgtibrid to be reported, the aCiawrie(1 tela-  
tibn W a s  the $ & ~ &  a& far a Coulbmb potential. ) Itl any cake, either the fhad  
condition 6 = 0 br the floatihg danditibn wi l l  give the dame results, previded the 
grid bbutldary is moved sufficiently  fa^+ out. "he effect o€ various tlvpee of boundary 
conditibns repregtinting "infinity'' have been studied by 'I'Qylor12 ahd by ParSker 
and Ehllivari. In general, the flbating condition appeafd to be computattonally 
mbre efficient than the fixed one. Of course, the floating condition beconled ideal 
when the true relation between 4 and a S / h  i B  uhed, but thia requires that the 
atiiymptatie forth bf the ablution be known i.1 advance. For  example, see Parker  and 
Whipple. '* The boundary conditiade at the outer grid surfaces can be combina- 
tiorid of fixed and €bating condition& 

condition id  chosen. I€ the pbiential is assunled to satisfy the lihear law 
Conaidef a Point C on the outer boundary oi the grid where a floating boundary 

on the e-b0utidai.y (North o r  South), and 
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on the li-b&undar;3 (Eaet onLy; j3.U oh the West), then the corzemlpahdin& "rid&hbak 
term" on the leet-hand etde 6f Eq, (23) vaniohes,akad the ccirresp6adlng "neighbor 
coeffi.c:ent" en the right-hand side of Eq. (24) i L  repheed by LYA brt PA, whirre A iu 
the appropriate area. Tha Qu&ntttie& a and fi depend &h the position Bnd oh the 
assumed model for the variation of thc ~otentia.1 at  large distadces. 

where the potentiale a r e  unknowit) art' comptrted, the eystem of llaear equat iou of 
the fmm of Eq. (23) may be solved by iteration. Poitit-8ucceBsive ever-relaxaticin 
is a well-known proceB$ and has been fdund to be effective in the present problem. 
For the reladation process, one rcarranges the equations, 80 that the "diagonal" 
term ie alone OR the leftbhatrd side, while all the other term$ a re  an the r i gh t - had  
side with the known charge-density tefm. Thus, EQ [ZZlb&~me~9 - - 

On&e the coefficients of all of t'ie equaticins (corresponding to the grid point6 

FirBt, an initial guebs is made far the valUelg df P11 the potentiale. Then new 
values &e obtained from the left-hand bides of all of the equation& (281, using pre- 
vioue valuea on the right-hand sLabB. Ohe l'sQeeps" through the equ&tion& Success- 
ively, rFplacing the ootentials oh the right-hand sides with4pdated-valUee as they 
bbcbme available frbm preceding equktions. 'Izis8 @rocedure is UsuaLly stable aiid 
leadB to cbhvergenke. "0ver-relAx8tion" ia the process of mLihg SuccelsLve 
potential iterate8 in Iuch a way as to enhance the. rate of coHvergence. 1 

When the poteritial distribktion is such that the electron density ne i B  approxi- 
rnllblc by the Boltemann factbr e-(+), the rellut.ation eqitations (28) can include the----..-. 
Blectron density a8 nrl unknown function on the left-hand Bide. The equations &re 
then nonlinear; they m&y be solired for di by a l h t o n i a n  pfoces8, \kith the ion 
density ni dotlsidered fixed. This procedure i B  promising for large-body problem&.'. 

4. SAMPLE RESULTS APP1,IED IN IN-SITU DATA 

The calculatiririci repdrted here refer t& two in-situ expefimentB, Ariel I l 5  
and Explorer d l l 6 ,  where data are availirble. These results a r e  preliminary in 
that they are intended BB fin illustmtiofi of the capability of the program rather 
than ae a systeniatid study. Geometrickilly, the bbdy is assumed to be a pillbox, 
cyllfrder of height equal tb its diameter. Tlie three dimenidohleeis physical para- 
metera defining the problem a r e  40, M, and AD, defined (earlier) by: 
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where T is the platma temperature (e&si"d to be the 8ame fa ibns and eleetrohs 
bo is the b6Uy pdtet~ti~il  (for a condufting nohetnitting body), vo is the velocity of 
the plasma flbw relative to the body and parallel to its axis, m ib the i6n bass, 
Eo is the bbdy radihs, and SD 18 the dimendidha1 Debye length. 

6 rder  of l o b  grid points, diltribtlted mostlv in the wake region, ahd of the order 
of $00 trajectories per  grid point, distPibuterl among the two angles and the energy. 

4. I Ariel-! Satelli(g-. 

The numerical parameters f6P the calculatidnl to be described include 6f the 

Figure 8 is a schematic drawing of the Ariel 1 satellite, Bhowing the location 
of eleett.6n hhii ionprobee, after Hendereon and Samir. l5 The-bdbm-fnouhted 

Figure 8. Artel 1 fhtelllte Schematic. Show6 main body, poiittve-ton probe, 
and electron boiim-probe 
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Grobe metrewes electmohcwrentb at d dtstance 9 a. from the &enter of the satel. 
lite (mainbody) whibh has a radirirs Ro = 11.5 ih or 2s cm. The ioh pr6be mouhted 
tielf the eu r f a~e  and on the dpin axis is a s m d l  sphere 6 .  I? times &mallet than the 
maib bddy. The datellite *elocit! io  such that the ion Mach number i B  abtirlt 4 .  The 
satellite potential is &bout 4 kT (1 volt) uegBti3e with respect tu  space. The sstel- 
lite ratliue 18 eqrlal td abdut 10 Debye lengthie. Due to the satellite motion, spin, 
atld orientatton, the bootn probe &weeps through the wake during edth spin revolu- 
ti6n. In euccessive re36lutSons. i t  sweeps through at differt?&ahgles and eamples 
the etrrltture df different part$ of the Wake. 

Figure 9 show& ner raa l led  electron curredt data takenfi-om the paper by 
HBndereon and Samir (their figti& 4 ) .  l5 Iapart icutar ,  the data at 0 = 84@ (labeled 
"MAIN") Bamples the wake structure as$ociBt&d with, the main body, while the data 
at 0 = 60° (labelee! "1. P. 'I) aamples the wake strudture of the UYI probe. w e  W i l l  
tonsidbr- separately the main bbdy and ion prbbe in the&ll&Uing corhparisons 
between the data and tt&oretical calc\ilauor#----- 

4.1.1 ARIEL 1 MAIN BODI? 

Although the data in Pigure 9 is "bUnpy,"the 0 = 846 profile fClr the Main b&dy 
mdlcates a minor central peak or bump. of heigYc about 80 percent of ambient, 
within the depleted wake region w h e t e  the minimum i s  &&ut 56 perCent bE ambient. 

of ni (norrhalized i6n denlity), ne (norniklited electrbn density), and 6 (dimension- 
less potential) in the wake re$ion dow&itream. The parameter vglues in Figure 10 
are do = -4, M = 4, AD = 1/10, f i i r t e e n  major iterations (PoiB$on-\tias6V cycle€!) 
were cotnputed. Th& profiles are in transverse planes at  varibue distancee down- 
Btream. and all lengths a r e  nbrmalieetl by the bbdy radius. ThhB, z denote8 axial 
di8ttlnce downBtrebrn. in radii, with i = 6 defined a6 the rear surfate  of the pillbox 
(looking into the wtlke); and f dehotes radial or transverse dfdtadde from the axie 
(r = 1 is the bbdy radtua). The profilee af ni, ne, and d are arranged vertkal ly in- 
order  df increasing axial distance e. There a r e  8 vZlluee of z, namely, & = 0.2, 
0. 5, 1. 0, 2.0. 3.0, 4 .  0, 5. 0, and 6. 0. Each profile id  construeted of 9 value& 
61 r, naMel9, r = 0,  0. 1, 0 .3 ,  0.6, 0.8. 1.0, 1.2, 1. 5, am8 2.0. The duter- 
boundary conditions a r e  applied at i = 8 and r = 2; for the main-body pPoblem, the 
boundary conditlon 8t e 
elbewhere. The profiles consist of dtraight-line segments connecting the values bf 
the functions (ni, ne, or $j computed at  72 grid points in the wake roeton. 

The feature# of the wake etructure are 0s foliowi. The near wake (e 1) Is 
clearly depleted of both ions and klectrone, with the Lm density lower than the 
electron aerieit$. Further downstream the Wake becomes increasingly filled in, 
between about e = 1 and e = 4, where e = 4 is the ton-Mach-number of radii 

F i e re  10 show6 transverse ptbfiles computed fbr  the wake of the main body, 

6 is the fked  one, *hiis floating conditions a r e  used 
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Figure 10. Ariel 1 Mgin Uody Wake Prdiles. f$o - 4 ,  M = 4. 
XD = ( l or1  = 0. I 

downstream. In 
ting Berrlrltivlty t6 numerical el'tor6, which Ma$ in turn imply a tendency toward 
physkai  tnetelbtlity. 
itWard built mbtion of €he plasma within the wake as If  it were a fluid Wave propaga- 
ting inward, pillilp; up nefif the center, and bouriclng out agaln a s  i t  moves down- 

stream. 

range of e the Ci5n profiles tend tb be relatively noiky, indica- 

"tie trend of the ion and e k t r d n  p r o f i h  suggest$ a radially- 

The disturbance bas esseiltidly dted away at  e = 6 redit ddwnstreem. 
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There lo bo well-defined Ceiltral bump s(ni&it. tb that in the e)cpetirtientai 

4 .  1 . 2  ARIEL 1 ION PRaBE 

AccordiPg to Hehderson and Samir the pi-bfile in  Figure 9 at  8 = 60' samples 
the ion probe wake Btrukture. This structure i8 similar to that of the main body, 
having a below-ambient celltral peak within a depbted regibn bf ahbut the Sam& 
width as that a86bciated with the main body. The ion probe i6 about 1.7 Debye 
lengthsin radius and is biased at  about 28 kT (7 volts) negative with re8pect to 
space. Hence it may be etpected to prodrice at lotist a prorfbunced f6Wsing effect, 
a s  is borne out by the following computed results. 

The notation is the same as that of Figure 10. The parameter values are 4o = -28, 

M = 4, and.XD = 1/1.7. The outer boundary 
at z = 10 was placed Sufficiently far  downstream io ensure that the distwbanced bf 
intepest a r e  contained within the grid. 
there a s  well as elsewhere. 
main-bbdy problem. 1 

that a strong focusing effect bceurs near the body. Further downstream, hawever, 
the disturbanbe dies but; there is essentially none at z = 8 3nd beyond. 

The radially-iilward and outward bulk motibn bf the pladrha as  it fills the wake 
i R  again a fluid-like feature. Again, th&re is do persistent peak at the center of 
the wake a8 indicated by the data. If this were. an isolated body, the Henderson- 
Samir data wbuld imply that the peak per8istS far  downgtream tb beyohd a distance 
of 33 rgdii. The present thearetical calculation indicates no stfucture at z 8 and 
beyond. 

data ln Figure 9. 

Figure 11 shows transverse profiles computed for the wake 6f  the ioh probe. 

Ten major iteratidnb wete computed. 

Morebver, a floatihg condition is emplbyed .-.. 
(The number of grid points was larger..tharl in the 

mi3 ion profile&? at z = 1 and z 2 sh&w The rhaih features a r e  a$ fbllbws. 

4. I .  3 COMMENT ON COMPARI$OP-I OF THEORU WITH EXPERIMENT 

A centpal bump may perhaps be generally expected on the badis of nonrigorbus 
theor-etieal argum&rfts invaking (1) electraStatie fbcusing effects br  (2) convergence 
of ibn stream6 during the filling of the wake principally at  a Mach number of radii 
downstream, or (3) a combhati. n of these. l5 However, preirious theoretical 
calcul&tibris indicating srich butit?@ have been deficient in some respect with regard 
to their rfgoroui5 zipplieablltty (for exarfiilple, cold ians, trifftiitely-long cylinders, 
nan-self-conslstent9. Simila' ly, there have beeti laboratory-simulation experiments 
Which Rave lndfcated bumps. 17 ;lowever, it is ptesCritiy still difhcult to simulate 
ioh transverse veldcity distributions fri-the JaboPatory. and thit effective ion 
temperature i s  generally fao law. herice, there does not exist thus far  an unambigu- 
ous explatiation of the Ariel 1 data. (Note: Ti was not measured, but was assumed 
here to be eqCal to T . Theoretically, bumps in the wake have been predtcted for 
Ti less than Te, 1 1 . q  
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It is also of lnterest to rioti? that a large body pl'oducee a centPBlwm? erihadC8- 
merit, as wili be spitwri later. 

4.2 EkpInrer :)I suidiite 

The reaultl  of this aection were obtained in the process of coinputtfig a riuinber 
of solutions t6 bb compared with in-attu dgta trbtalned on the Explorer 31. The 
parameters adopted were Buggested by k m i r  (private corhmunicatibn) baeed on 
8.different passes of' the Explorer 3 1  satellite, a s  l i l ted irl hie paper with Jew. 'li 
A $ma11 pottidn of two of theee case& W i l l  be dibbusaed Were, Without a quantitati3e 
comparison with data, in dpder to illustrate & gpecific point. 

Very near wake of a body with the psrameters 
F i b r e  12 Bhows computed electron and ion density ttahgverse profiles in  the 

do = - 4 . 3  

AD = (6.91-1 

M = 3 .4  . 

"hele  a r e  the parameters in the ease of Curve N6. 1 of Samir and Jew. l6 The 
computed profiles i nF igu te  12 a r e  at z = b. 2 radii downbtream. that is ,  similar 
to the lowest profile$ in F'iguke 10 where the parameters a r e  bf similaf order.  
Here the vert i ta l  BcBle bbrmalieed density) ig lbgarithtnic, a s  bppoded to Figure 
10, where it is linear. The ion densities a r e  denoted by cil'cles and the electron 
densities by squate8. The principal reahreg BhoWn in Figure 12 afe as fallows. 
Fbr r greater than about 0 .8  radii, the ion density is higher tliad the electrbd 
density. Mbreover, the ion density drops more abruptly in the vicihity of the 
"shouldet" (rc% 1) than the electron dendty. In the central wake bath densities a r e  
far  belbw nbrmal, with the ibn density ab6ut Bn order of magnitude below the 
electron denktity. This id the uaually-expeeted picture of near-wake Srtructure. 

the case bf Curve No. 4 of Samir and Jew, l6 where the perclrrleter& are: 
Fijfure 13. on the other hahd, 9hbwl correepandhg cbmf)Jt&tional results for. 

do = - 5 .4  

XD = (3. 1)- i 

iM = 1.1 . 

Here, the Modt algtlificant change is the lower Mach number (1. 1). The curves in 
Figure 13 are qualitatliteljt difterent froth thobe ih Figure 12. The new electroh 
det.sit9 profile i6 shifted downward slightly, but the hew ion detisity profile is 
moved up t6 erfitjrokinilrtely 8 cotistarit rsugtily equcil fo the tiar'mal valui?. 
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Figure 13. Eitploter 3 i  Density Profiles, Cese 4.  
do = - 5 .4 ,  M = 1. 1, 3 0  = (3. i l - i  = 0. 32 
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The tact t!:at the ton wake deddty io abbre the elcctrbh rlen@lty at  811 r may be 
Unexpaeted frorA the p & h t  of view Of "tradi';LodBl" wake theoPy, but sCein9 rea&omble 
bd the bas i l  of Langrhuif probe theary 2 -s  Accordin@ 16 probe theory, a Btattor'raty 
negative electrostatic plibbe in a plaonlrr will hBve adjacent tb it a ehclath In which 
the ton densky erieeeds the electrbn tleneity. If the probe begfdb to nlave slowly 
relative to the plasma, bne expects the Bheath atructure at first tb be only slightly 
changed, with a continuation of the predominance of the tans over the electrbfis. 
A t  gufficiently large Jeloeity, hbwever, the traditiohal wake structure with electron 
domiaatiot, aver ionB should appear a$ in Figure 12. The value bf ion Mach number 
at  Hthieh the transttioh should oceur has nat been predicted but can be eetablidhed 
by additional computations of the preoerit type. 

In thiS section we consider the wake of a large body, 100 Bebye lengths in 
radiu$. 
case (Figure.$. 14 and 15) the parameter values a r e  

The body 16 id the farm of a disk oriented nbrmal to the flow. For this 

Figure 14 

4o = -4 

AD = (loo)'1 

M = 4  . 

Figure 15 

4, = -4 

XD = (100)- 1 

M = 8  . 
Here the parameter values differ qualitatively from thorie of the preceding problems 
in that XD i l  bo small. This size bf mbving body is larger  than has beed previously 
treated by trajectory-fblloltnCj, that is, realiBtic, calculation8. 
what may be expected €or the wake btructure of large bodies in gedcral. 'his c l s e  
requires: More effart  (ecjmputer time and judicidus Eleleetion of d(lmerica1 para- 
meter$) than that of a smgller body. The solutioni9 Bhuwn, therefore, a r e  Wended . 
to be illultfative rather than accurate. 

Six iteretibns, dt Pdislbn-Vlalav cycles, were coMputed u$id@ the fan-dehsity 
opttoti, in Which BueceilEliJe iteratee were not mixed, starting with the neutral iorl 
dendity as ah initial gilesa. The rsaminal irumber of trajectories, 512, wa8 used at 
all grid pbints. 

' h e  prohies of ni, ne, and 4 ih Figure 14 a re  cbndtt-ucted ih the same way and 
at the same grid points a s  In Ft@re 10. 
The wake i8 essentially "empty" of. both ions and electrons between d 0 and 2 - 1, 
and begtns to fill up behi'een z = 2 and e = 3. I n  this way, the wake i s  qualitatively 
similar to that in Figure 10. 

f i e  reBultg show 

1 l'abulated values a r e  glven in Parkef.  

I 

I 

! 

3r; i 



.. . 

r 

c -  PP 
0- 

OJ . 

T 7 

, -4l 04 

I 

b 

'i A/%- 
0 - 

T 



r T 
i i ' .  

I 

/ 

a 

*i- 

'J-+ 
-4 

A 'W? 
lwT 
0 

0 

-4 *p-- 
0 

b 

0 

' W Z ,  
0 -4 

-4 

04 .- '- -4 

0 

363 



T r I 1 1 

Two &+ti crf ion-density proflles ape shown bd the left side of Ftguie 14, the 
unltlboled prcCtles for the 6th order (0th itcfattonl, and the prsfilro 1Rboldd "A" 
for the 5th order. Camparibon of the ti,-proflies 41th the 5th order ni-prbfilos 
(labeled "A" to denote t h d  the &-profiles and ne-preflle8 in thc figure are d0rtvOd 
from thegel tndichtce that the quasineutrality assumption i l  valid everywhere out- 
side a cone-shaped regibn reap the wake surface; the corie height along the axle is 
between 1 arid 2 radii. Thib is in accbrd with expe&tatton for a large body. Near 
the wake sul'face, hbwevep, quasirieutrality t8 violated becaU6e the effective Debye 
letigth is large. The Bimllarity of the ni-profiles (labeled "A") and thc he profiles 
in Figure 14 is a con8equan&e of near-quasineutl'81tty. 

in Figure 14 show that the sdution ill reasonably coliverged for z = 1 and below, --_-_--.---_. .__ 
but that there i l  iricbmplete convergence at  z = 2 and beyond. 
convergence Bnd apparent structure at  2 = 2 and beyond may be artifactual due to 
ihsufficient numerical accuracy. (No attempt was made to achieve high accuracy 
sinee thi l  l a &  regarded as a preliminary run. 1 The structure and lack of conver- 
gence a r c  seen to extend past z = 5, ad that the downstream boundaty should be 
placed further than at a = 6. 

indkated by Figure 14, namely, (1) the suggcsltidn of a core of high (approximately 
ambieat) density of ibns and electrons on the axis, and (2) the occurrence of a 
potehtial wel l  in the near wake, defined a s  a iegibn with 9-values below -4. 
shading in the ttvb lbwebt $-profile@ denote crbsl-5ectibns of this w e l l .  The wake- 
surface normalized hues a r e  1.1 X 

fbr ions, and 4. 5 X lom3 fr-  electrons. 
ekp(-4), as would be exp&cttd in the presence of 1 potential well. 

and between 2 add 3 radii in the transverse direction. 

case except that the Mach number is increased from M = 4 to M 
ti&nB were computed in which succe8sitre i terates were used without mirting, 
starting with uniform ambient ion density. 
advettently different ftotn that of thb M = 4 calculation which was started with the 
neutral 16ti dknsity, but thig difference dh6uld become unimportant after many 
iteratibns. j Sirililar statements may be made about the incampleteness of the 
convergence as in the Ni = 4 case. 
labeled "A 'I and unlabeled, tbspectively. On comparing these, the convergence 
aeems fairly gbod at i 0. 5 and e = 1. Again, the disturbance extends beyond 

- .  - 

Comparilod bf the 5th and Sth order ni-protiles (labeled "A" and unlabeled) 

The incomplete 

Despite pogsible inaccuracies, one may ihfer additional physical conclusions 

"he 

15th order)  and 2 . 4  X lo'? (6th order)  
"he electrbn current density ill l ess  taan 

"he region of Wake dtsturbance prdbablp extends more than 6 radii downstream, 

Another large-bbdy case (Figure 15) is Limilar to the previous large-body 
8. Ten itera- 

(The latter starttng condition was in- 

"he 9th and loth order ion densitiea are 

I = 5, so that the downstream boundary should be moved further tnan d = I;. 
, 



Desplte Inaccuractoe, the conslatency l e  auch that physical conclustons may 
be drewd aa fsll6W$. Irl this case, tho wake t b  a0Bn to tetnain empty further down- 
etiwam thlid th tho M b 4 casb. Irl addition, thc oufigastlon tr-l rhuch stmnacp thRt 

thore lb  a ccdtral corc el amhtent &natty for bbtk ions and slectPons along the 
axis. Make!OvCr, the potB19tial well tcs WtdCP atid lehgor than in thc M r 4 CBBC, 

although the dopth I s  about h e  same. The norrYlallzod Wake-ourfase ftuxds ate  
7 . 4  X (61th order)  ahel 4 . 2  X 
elsstrotts. The electren flux is sllghtly lees  than the M e 4 valU12, and l e  agein 
lbse than eqd-4). 

The cotltcal regton behind the disk where quastneutrality breaks down ts now 
longer thatl in the M = 4 case, extbhdinB to between z = 4 and z = 5 alohg the axis. 

The r'qtbn of wake didturbadce is probably longer than (i radii downstream. 
ao tn the M = 4 caae, but may not extehd beyond about 2 radii in the transverse 
direction. 

(10th order)  tor ibris, and 3,'t X W 3  for 
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